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I’m presenting ongoing work centered around 3 recent manuscripts on arXiv.  One of them (the proof of concept study) was published, and the rest should follow shortly I 
hope.  As a warning, it did seem like I was opening a Pandora’s box as the work was being done.



– Rudolf Virchow

In his collected writings of 1861, preface. Quoted in Proceedings of the Royal Society of London, Vol. 75, 300. 

“ No doubt science cannot admit of compromises, 
and can only bring out the complete truth. Hence 
there must be controversy, and the strife may be, 
and sometimes must be, sharp. But must it even 

then be personal? Does it help science to attack the 
man as well as the statement? On the contrary, has 

not science the noble privilege of carrying on its 
controversies without personal quarrels?”

Our field is not without controversy.  I’ve seen my share, and I think these should be discussed often, since they remind us to question our assumptions.



❖ Continuous vs. discrete - the first debate

❖ Short vs. Long-range approximations - the second 
debate

❖ Dielectric vs. density response - a fortuitous unification

❖ Where to next - some applications we really should do

I’ve phrased things here to constantly show two points of view on the same topic - two diverging paths if you will.  Perhaps it will lead to a wider context and lead you 
along a more civilized path to my main idea than I was able to take.



Continuous vs. Discrete
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and co-workers8 choose to call it the SSOZ equation (their 
acronym stands for "site-site Ornstein-Zernike equation"). 
It is perhaps useful to keep in mind that Eq. (2.15) is not 
derived from microscopic principles, but instead it follows 
from a set of definitions. In the general case of a nonuniform 
multicomponent system, the Chandler-Andersen equation 
is 

(2.16 ) 

As often noted before,6 it has the form of a Dyson equation 
where c plays the role of a proper self-energy. 

D. Free energies 
The grand canonical free energy functional 0 is a natu-

ral functional of the fields "'aM (r), and derivatives of 0 with 
respect to these fields yield correlation functions and all ob-
servable equilibrium properties. Since "'aM (r) is conjugate 
to the density (PaM (r», an equally informative representa-
tion of equilibrium properties is obtained by the Legendre 
transformation to a natural functional of the density fields. 
In particular, we let 

-..r;( = 0 - L f dr(paM (r»"'aM (r) 
a,M 

= -peA - ($ext». (2.17) 
The quantity A is the Helmholtz free energy. Applying the 
linear variation 

-8..r;(=80- L f dr[(PaM (r»8"'aM (r) 
a,M 

+ "'aM (r)8(paM (r»] 

= - L fdr "'aM(r)8(PaM(r», 
a,M 

(2.18 ) 

where the second equality follows from Eq. (2.5). Hence, 
8..r;( 

8(paM (r» = "'aM (r). (2.19) 

8(PaM (r) )8 (PYM' (r'» 

8"'aM (r) _ 1 , 

= 8(PYM' (r'» = XaMyM' (r,r ) 

= (r,r') - CaMyM' (r,r'), (2.20) 
where the second and third equalities follow from Eqs. (2.7) 
and (2.16), respectively. 

These formulas complete our list of definitions. 

III. VARIATIONAL PRINCIPLE 
The Helmholtz free energy, or the quantity ..r;( which is 

linearly related to A, is a natural functional of the average 
density fields, 

(3.1) 

Consider what would happen to the value of A if we changed 
the densities from their averages to some other functions, 
PaM (r). That is, consider the difference 

We can establish the sign of this difference by examining the 
first and second derivatives of the functional. 

First, by combining Eqs. (2.17) and (2.19) with Eqs. 
(2.1) and (2.3), we find 

8A (3.2) 

or 

8[A -l:y,M' f dr(pyM' (r»pYM'] 0= . 
8(paM (r» 

(3.3 ) 

In Eq. (3.3), we can regard the chemical potentials as unde-
termined multipliers. As such, Eq. (3.3) implies that 
A [(PaM (r»] is an extremum of A [PaM (r)] in the space of 
functions satisfying the constraints 

(NM) = f dr PaM (r). (3.4 ) 

Here, (N M) refers to the average number of molecules of 
typeM, 

The extremum is actually a global minimum, and to 
understand this fact, consider the second derivative. With 
Eq. (2.20) and the observation the ($ext) is a linear func-
tional ofthe density, we find 

8
2
PA - 1 ( ') (3 5) 

8(paM (r) )8 (PYM' (r'» = XaMyM' r,r . . 

According to its definition [the right-hand side of Eq. 
(2.6)], X is symmetric positive definite for all real density 
fields. It follows that its inverse and therefore the second 
derivative of A is also positive definite for all density fields. 
This general convexity property together with the identifica-
tion of A [(PaM (r»] as an extremum implies the following 
variational principle: 

A [(PaM (r»] is the global minimum of the functional 
A [PaM (r)] in the space off unctions satisfying the con-
straints (3.4). (3.6) 

This result is a generalization of the well known principle of 
density functional theory employed in the theory of simple 
atomic fluids. 1,9 Further, due to the isomorphism between 
quantum theory and the classical statistical mechanics of 
polyatomic fluids, 10 it appears that Eq. (3.6) is a slight gen-
eralization of the finite temperature electron density func-
tional theorem. ll Finally, we remark that Eq. (3.6) is a 
stronger statement than the related variational principle for 
polyatomic systems derived by Pratt and Chandler.6 (c) In 
that earlier work, Pratt and Chandler considered the full 
multipoint molecular fields rather than the simpler contrac-
tions to one-point fields considered here. 

IV. FREE ENERGY FUNCTIONAL 
The variational principle (3.6) provides an algorithm 

for determining the average density of a nonuniform system. 
But to apply the algorithm, one requires an expression for 
the functional. This section is devoted to analyzing possible 
expressions. 

The starting point in our analysis is Eq. (2.10) which 
together with Eq. (2.7) implies 
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The Pratt/Chandler Divide
❖ Use water g(r) to get
❖ But, is the correlation 

function or the distribution 
more important?
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result is the well-known formula16 

[lllliO)] lIS = - kB Tln(1 

+27TPA kBT da(rw+a/2)2CAW(rW+a/2). 

(2.23) 
An alternative connection between the chemical po-

tential and correlation functions is obtained from the 
following argument: The reversible work required to 
move two A-particle cavities which are initially in-
finitely far apart to an interparticle separation of r is 
-kBTlnYAA(r). Further, when the A particles are hard 
spheres the reversible work to bring two cavities from 
infinity to r= 0 is the same as the reversible work re-
quired to remove one of them from the system. These 
facts imply 

(2.24) 

which can be verified with mathematical arguments29 

as well as the physical one we have given. 

C. Approximate theory for A-Wand A-A pair 
correlations 

We have established that the principal problem con-
fronting us is the description of the radial distribution 
functions associated with hard-sphere particles and 
cavities dissolved at infinite dilution in water. We now 
present a simple theory for these functions. 

To begin our analysis it is convenient to subtract 
the ideal gas contributions to the distribution functions 
and define the radial pair correlation functions 

(2.25a) 

and 

(2. 25b) 

Next we define the functions cAW(r) and cAA(r) through 
the following Ornstein-Zernike-like equations: 

hAW(r) = cAW(r)+Pw f dr' cAW( Ir -r' I )hww(r') (2.26a) 

and 

hAA(r) = cAA(r) +Pw f dr'cAW(lr-r' l)hwA(r'), 

(2. 26b) 
where hww(r) -1 is the radial pair correlation 
function for pure liquid water. 

Notice that Eqs. (2.26) do not refer to full orienta-
tion dependent pair correlation functions. For this 
reason these equations differ from the usual Ornstein-
Zernike (OZ) expressions that would be appropriate at 
infinite dilution of A particles in water. Similarly, 
cAW(r) differs from the usual OZ direct correlation func-
tion which depends upon the orientational coordinates 
of a water molecule. Equation (2.26) are spherical 
analogs of the OZ equation. While the latter can be de-
rived as a topological rearrangement of the cluster ex-
pansions for pair correlation functions, 30 Eqs. (2.26) 
do not have the same cluster diagrammatic interpreta-
tion. The OZ equation and Eqs. (2.26) are connected 

by their physical Similarity rather than a mathematical 
sim ilarity. 

There is no doubt that cAW(r) and cAA(r) are well de-
fined mathematically. Indeed, the Fourier transforma-
tion of Eqs. (2.26) yield 

hAW(k) = + Pwhww(k)] (2.27a) 

and 

(2.27b) 

where the caret indicates the Fourier transform, e. g., . 

hww(k) = f dre-ik ' -1]. (2.28) 

The term in square brackets in Eq. (2. 27a) is the oxy-
gen-oxygen structure factor for pure water. It is neces-
sarily finite and positive. Hence, Eq. (2. 27a) can be in-
verted to solve for cAw(k) and thus cAW(r) in terms of 
well behaved quantities. Similarly, it follows that 
cAA(r) is also well defined. 

The physical meaning of these radial direct correla-
tion functions follows from an inspection of Eqs. (2.26). 
That equation ascribes the following mechanism to the 
formation of A- W radial pair correlations: Either an 
A and a Ware correlated directly (the first term on the 
right-hand side of Eq. (2.26a)], or an A is directly cor-
related to an intermediate W which in turn is correlated 
to the tagged W (the second term). A similar interpre-
tation of Eq. (2. 26b) is also established. Ornstein and 
Zernike introduced the idea of direct correlation func-
tions because they felt that such functions should be 
short ranged-essentially zero beyond distances larger 
than the range of the interparticle pair potential. The 
literal interpretation of these ideas suggests 

(2. 29a) 

and 

(2.29b) 

These approximate equations can be combined with the 
exact boundary conditions 

(2.29c) 

and 

(2. 29d) 

to close the Ornstein-Zernike-like integral equations 
(2.26). To solve these equations one must determine 
the cAW(r) functions which, when inserted into Eq. 
(2. 26a), satisfies Eq. (2. 29c). Once determined, Eq. 
(2. 26a) can be integrated [most easily by inverting the 
Fourier transform in Eq. (2. 27a)] to yield hAW(r) for 
r > (aA/2) + rw' Then, Eqs. (2. 27b), (2.29b), and 
(2. 29d) give 

r<aA, 

=1+pw fdr'cAW(lr-r' l)hwA(r'), r>aA• 

(2.30) 
The integral in the second equality is conveniently per-
formed by noting that it is the inverse Fourier trans-
form of [cAw(k)P[1 +Pwhww(k)]. 
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(2.4 ) 

where nM is the number of sites in species M. Equation (2.4) 
can be regarded as the condition of chemical equilibrium. 

B. Functional derivatives and correlation functions 
The quantity n. is a generating functional in the sense 

that derivatives of it with respect to the fields !/JaM (r) pro-
duce cumulant averages of the conjugate fields, PaM (r). To 
be specific, 

on. 
O!/JaM (r) = (PaM (r», (2.5) 

02n. 
O!/JaM (r)O!/JYM' (r') 

= (PaM (r)pYM' (r'» - (PaM (r»(pyM,(r'», (2.6) 
etc. These relations follow straightforwardly from the fact 
that::: is a weighted sum in which the weight is proportional 
to 

exp[1 I dr "'aM (r)PaM (r)]. 

Equations (2.5) and (2.6) are the relationships that connect 
observables to the Hamiltonian. Nearly all others we discuss 
in this paper are the results of definitions. 

We define the susceptibility or density-density correla-
tion function, XaMyM' (r,r'), as the right-hand side of Eq. 
(2.6). According to Eqs. (2.5) and (2.6), this correlation 
function is the first variational derivative of the average den-
sity field; i.e., 

O(paM (r) )/O!/JyM' (r') = XaMyM' (r,r'). (2.7) 
It can be partitioned into an intramolecular ideal gas part 
and a remainder: 

( ') (0) ( ') XaMyM' r,r = XaMyM' r,r 
+ (PaM (r» (PyM (r') )haMyM' (r,r'), 

(2.8) 
where we use the superscript and sUbscript "0" to indicate 
the absence of intermolecular interactions. Clearly, the in-
tramolecular ideal gas contribution to the susceptibility 

(r,r') is diagonal in the indices M and M', and for a 
uniform system it depends upon the spatial variables only 
through the distance I r - r'l. That is, 

(r,r'>] uniform = PMOMM,WayM (Ir - r'I), (2.9) 
where PM is the average density of molecules M in the uni-
form fluid, and WayM (r) is the probability density of finding 
site r at r given site a on the same molecule is at the origin. 
Similarly, for a uniform fluid, haMyM' (r,r') + I is the site-
site radial distribution function which depends upon the spa-
tial variables through Ir - r'l. Finally, we note that in the 
absence of any correlations, intermolecular or intramolecu-
lar, the susceptability would be 
[XaMyM' (r,r')] no correlations = (PaM (r) )OayOMM,O(r - r'). 

(2.10) 
In general, intramolecular pair structures for molecules 

in a condensed phase differ from those in an ideal gas. There-

fore, in general, the second term in Eq. (2.8) not only de-
scribes intermolecular correlations but also contributes to 
the intramolecular susceptibility. The condensed phase al-
teration of intramolecular pair correlations arise when mole-
cules are flexible and/or when the condensed phase is non-
uniform. In the former case, the structural fluctuations of a 
molecule are influenced by the surrounding medium. In the 
latter, the orientations of the molecules are affected. 
Throughout this article, we will confine our attention to rig-
id molecular species. (The generalization to flexible mole-
cules can be derived by adopting the perspective that each 
different conformation of a molecule corresponds to a differ-
ent molecular species, and the relative fractions of the differ-
ent species can be determined from the principles of chemi-
cal equilibrium.6

(b) ) Since we assume molecules of a given 
type are rigid species, the intramolecular pair structure for a 
molecule in a uniform fluid is identical to that for a molecule 
in an ideal gas. Indeed, WayM (Ir - r'l) is proportional to 
o( Ir - r'l - LayM ), where L ayM is the distance between 
sites a and r for molecules of type M. When considering 
nonuniform systems in general however, the full intramole-
cular susceptibility will differ from that of the ideal gas, 

(r,r'), and we make no assumptions to the contrary. 

c. Direct correlation functions 
The direct correlation function, CaM yM' (r ,r' ), is defined 

in terms of the functional inverse of the susceptibility 

X;JYM' (r,r') 

(2.11) 
or in an obvious matrix notation 

X-I = p-I- c, (2.12 ) 
where the elements of pare 

(PaM (r) )OayOMM,O(r - r'). 
In view of Eq. (2.10) therefore, the functions which com-
prise the c matrix contain all the information concerning 
pair correlations. As already noted, some of these correla-
tions are due to intramolecular interactions, and some are 
intermolecular interactions. It is therefore natural to sepa-
rate the two. For this purpose, let (r,r') be the ele-
ments of the matrix e(O) defined as 

e(O) = p - I - Xo - I, ( 2.13 ) 
where Xo -I denotes the inverse of X(O). Then the remainder 

e = c - e(O) (2.14 ) 
describes the effects of intermolecular interactions. 

The elements of e, namely CaMyM' (r,r'), are called site-
site direct correlation functions. Indeed, for the case of a 
uniform one-compunent fluid where (PaM (r» = P, the 
definitions given in Eqs. (2.8), (2.9), and (2.12)-(2.14) 
yield 

(2.15 ) 
This is the equation introduced by Chandler and Andersen 7 

as one of the primary equations in the RISM theory. Stell 
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4.2 Dielectric solvation – Born – models 69

We here extend the adjective realizable (Lesieur, 1997) to mean theoretical
models obtained from an admissible probability distribution in evaluating the aver-
age Eq. (4.17). Thus, use of Eq. (4.19) produces the realizable model Eq. (4.20).
Accuracy in describing valid data is, of course, a further characteristic of interest.
Truncation of series expansions customary to the statistical thermodynamics of
solutions can produce nonrealizable results.

Potential of the phase

An improvement is to permit Eq. (4.19) to account for a nonzero mean electrostatic
potential exerted by the solution on the distinguished reference solute, writing

!̃!"#!"n$ ≈ 1
!

2% #&'2
!!"n$r

exp

"

−1
2

"#−#'!!"n$r$
2

#&'2
!!"n$r

#

( (4.21)

permitting the notation to revert to the general molecular solute case with '!

the electrostatic interaction impressed by the solution on the distinguished solute.
With this modification Eq. (4.20) becomes

)ex
! ""n$ ≈ )̃ex

! ""n$+ #'!!"n$r −
*

2

$
&'2

!!"n
%
r + (4.22)

The thermodynamic chemical potential is then obtained by averaging the Boltz-
mann factor of this conditional result using the isolated solute distribution function
s
"0$
! ""n$.

Consideration of the quantity #'!!"n$r requires some conceptual subtlety. This
is intended to be the electrostatic potential of the solution induced by reference
interactions between the solute and the solution. Any contribution to the elec-
trostatic potential that exists in the absence of those reference interactions we
will call the electrostatic potential of the phase, but of course only electrostatic
potential differences, e.g. between uniform conducting materials, are expected to
be physically interesting.

The latter point suggests several further observations. First, we are free to adopt
an arbitrarily chosen value for the potential of the phase for convenience. The
value zero (0) is such a choice, and a natural choice for detailed calculations.
Second, if we take a linear combination of )ex

! corresponding to neutral collections
of ions, then the value of the potential of the phase will contribute zero (0) to that
linear combination, because the contribution would take the form ,"

&
! q!$ = 0.

Those neutral linear combinations of )ex
! are thermodynamically measurable.

(A specific example of experimental comparisons for neutral linear combinations
is shown in Fig. 8.23, p. 212.)

With two conducting fluids in coexistence, the values of the electrostatic poten-
tials of the phases can be regarded as a mechanical property obtainable by solution

76 Models

Therefore, using Eqs. (4.25), (4.29), and (4.31), the final thermodynamic result
can be given in terms of the required normalization factor

!"̃ex
# $!n% = ln

!

1+
"

m≥1

#
p̂# $m"!n%

p̂# $0"!n%

kmax$

k=1
e−&kmk/k!

%&

' (4.32)

This is suggestive of the calculation of a partition function for a modest-sized set
of states with effective interactions. The interactions are n-functional interactions,
in contrast to density functional (or (-functional) theories, but with strength
parameters adjusted to conform to the data available. A standard procedure for
obtaining the Lagrange multipliers is to minimize the function

f
'
&1) ' ' ' ) &kmax

(
= ln

!

1+
"

m≥1

#

p̂# $m"!n%
kmax$

k=1
e−&kmk/k!

%&

+
kmax"

k=1

)
mk"!n

*
0

&k

k! ' (4.33)

This will become operationally problematical if more Lagrange multipliers &k are
used than the data warrant. If operational problems are encountered, reducing
kmax usually fixes those problems.
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Figure 4.3 ln pj vs. j, exemplifying the packing model of Eq. (4.29), for a hard-
sphere solute in the hard-sphere fluid. Since there is no conformational flexibility
in this application, we adopt the simpler notation pj ≡ p $j"!n%. This example
utilizes the data of Table 4.1 and p̂j ∝ 1/j!. (a) The distributions inferred with
the lowest two moments of Table 4.1 for each density of that table, low to
high respectively corresponding to low to high on the right side of that panel.
(b) Changes with increasing number of moments used (2 through 4) for the
highest density of Table 4.1. Because nk = 0 for non-negative integer n < k,
direct effects of adding successively higher order binomial moments are seen in
ln pj only for j ≥ k. Indirect effects come in through the normalization factor
that gives the thermodynamic quantity Eq. (4.32). But since contributions with j
greater than the mean are relatively small, and absolute errors typically smaller
yet with inclusion of binomial moments of order k greater than the mean,
convergence of the chemical potential is expected to be simple when the order
of the moments used is greater than the mean.

Beck, Paulaitis, Pratt, PDT Book, 2006 Chandler, McCoy, and Singer, JCP 85, 1986.
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Pratt and Chandler, JCP 73, 1980.

We all know the Pratt-Chandler theory as the genesis of some interesting hydrophobic literature.  According to Pratt, that paper was proved wrong 6 months later, and 
revised to a 1980 paper which should be cited instead henceforth and forevermore.  However, the 1980 paper was focused on 3-body correlations, while the 1977 paper 
used the direct correlation function to derive a density.  The result we see now is that Pratt went on to carefully look at molecular number distributions and 1st solvation 
shell occupancy statistics.  Chandler went the other way to develop a continuum solvent density functional theory that makes many approximations to keep things at the 
pair correlation level.

Eventually, both would be used to compute solvation free energies.
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smooth enough for the expansion method to be accurate;
this procedure is important in some other applications [5].
A special case where this step can be carried out

analytically arises when r0,R1 varies so slowly that it
is accurate to keep only the first term in the expansion
of =2r0,R1sr2d in Eq. (6) about r1. After integrating,
we arrive at the simple local hydrostatic relation [11]
between r0,R1 and fR1:

m0sssr0,R1srdddd 1 fR1srd ≠ m0B , (7)
where m0srd is the chemical potential of the uniform
(hard sphere) reference fluid at density r and m0B ≠
m0srBd.
The smooth profile r0,R1 is analogous to one that could

be calculated using a single occupancy lattice gas (Ising)
model, where correlations arise only from attractive inter-
actions [1]. A realistic fluid has additional short wave-
length correlations due to the repulsive intermolecular
forces. These show up primarily in the second step of our
method, where we take account of the response to fR0,
the remaining harshly repulsive part of the ERF.
Consider first a small perturbing potential dfR0 that is

nonzero only inside the wall region with z , 1. Evalu-
ating Eq. (5) for z1 . 1 gives an exact relation between
the small induced density changes inside and outside the
wall region. However, it has been shown that even large
density fluctuations in a hard sphere fluid are accurately de-
scribed by Gaussian fluctuation theory [12]. This suggests
that if we could somehow impose the proper values on the
wall density field for z , 1 arising from the full fR0 , we
could then still use the linear response relation to determine
the large density change Dr0,Rsrd ; r0,Rsrd 2 r0,R1srd
induced for z . 1. Imposing accurate density values in
general is very difficult [13], but for the hard wall poten-
tial fR0 ≠ fHW we have the exact result r0,Rsrd ≠ 0 for
all z # 1. Thus replacing dr0,R1 by Dr0,R in (5) and set-
ting r0,R ≠ 0 for all z # 1, we find for z1 . 1:

Dr0,Rsr1dyr0,R1sr1d ≠
Z

dr2 c0sr1, r2; fr0,R1gd

3 Dr0,Rsr2d . (8)
Equation (8) is a linear equation for Dr0,Rsr1d, which

we can directly solve by iteration or other means, approxi-
mating c0sr1, r2; fr0,R1gd by that of an appropriate uni-
form system, just as we did before. When r0,R1srd ≠ rB,
Eq. (8) is equivalent to the usual hard-wall, hard-particle
PY equation, which has an analytic solution [14]. Equa-
tion (8) is quite adequate for our purposes here, though
small errors can be seen at the highest densities. If still
more accuracy is required, we could use modified general-
ized mean-spherical approximation-type equations related
to the PY equation [14]. It may also be possible to use
new and very accurate density functional methods for hard
core fluids in this step of our method [15].
The net result of this two step process is the desired

r0,R arising from a given fR. This can be substituted into
Eq. (4), which can then be iterated to determine the final
self-consistent fR. In Fig. 1 we give the self-consistent
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FIG. 1. Self-consistent potential fR1 ≠ fs (dashed line) for
rB ≠ 0.785 (a) and rB ≠ 0.45 (b), T ≠ 1.35, and bare wall
potential fR0 ≠ fHW (solid line). The ERF fR ≠ fR0 1 fR1.

potentials fR1 ≠ fs that satisfy Eqs. (4), (6), and (8)
for two different states along the near critical isotherm
T ≠ 1.35. We see that fR1 is indeed a slowly varying
repulsive interaction in both cases. In Fig. 2 we give
the associated smooth density profiles r0,R1 from (6) for
each state, as well as the full profiles r0,R determined
from Eq. (8). These are compared to Monte Carlo (MC)
simulations we carried out [5] of the reference system in
the ERFs of Fig. 1. This directly tests the accuracy of our
two step procedure for calculating the effects of fR on
the reference system. The agreement is excellent.
In Fig. 3 we test the simplified mean field treatment of

the attractive interactions in Eq. (4) by comparing the ref-
erence profiles r0,R to those of the full LJ fluid in the
presence of the hard wall, as determined by MC calcu-
lations. There is good agreement, though small quanti-
tative differences can be seen. Thus even the simplest
mean field treatment of attractive interactions is capable
of capturing the major changes in the density profile as the
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FIG. 2. Density profiles r0,R1 (dashed line) and r0,R (solid
line) compared to MC simulations of the reference fluid in
potential fR (circles) for the same states as in Fig. 1.
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field theory in which the reference fluid still has nontrivial
pair and higher order correlations induced by the repulsive
forces. This suggests that the last term on the right-hand
side of Eq. (2) is often very small. If we ignore it com-
pletely [9] we obtain the approximate equation for the field
fR suggested by Weeks, Selinger, and Broughton [4]:

=1ffRsr1d 2 fsr1dg ≠
Z

dr2 r0sr2 j r1; ffRgd

3 =1u1sr12d . (3)
Equation (3) incorporates mean field ideas, but it

appropriately focuses on forces [1,2]. The relation to
ordinary mean field theory becomes clearer [7] if we
replace r0sr2 j r1; ffRgd by r0sr2; ffRgd in Eq. (3). This
approximation is much better than one might at first
suppose, since the main difference in these two functions
occurs when r2 is close to r1, but then for small r12 the
multiplicative factor 2=1u1sr12d (the attractive part of the
LJ force) vanishes identically. The gradient =1 can then
be taken outside the integral and Eq. (3) can be integrated.
Choosing the constant of integration so that the density far
from the wall equals rB, we obtain the simplified mean
field equation [7]:
fRsr1d 2 fsr1d ; fssr1d

≠
Z

dr2 fr0sr2; ffRgd 2 rBgu1sr12d .

(4)
Because of the integration over the slowly varying

attractive potential “weighting function” u1sr12d, fssrd in
Eq. (4) extends smoothly into the repulsive core region
where r0sr; ffRgd vanishes. Outside the wall it is smooth
and relatively slowly varying even when r0sr; ffRgd itself
has pronounced oscillations. Physically fssrd mimics
the effects of the unbalanced attractive forces in the LJ
system, giving a soft repulsive interaction [4] that tends to
push the reference particles away from the wall.
In order to solve equations like (3) or (4) to obtain

the self-consistent ERF fRsrd, we must determine the re-
quired reference fluid distribution functions arising from
a given external field. In previous work [4,7], computer
simulations were used for this purpose. We now intro-
duce a simple and accurate numerical method for calcu-
lating these distribution functions and illustrate it here by
solving (4) for the case of the LJ fluid near the hard wall.
We note that the ERF fRsrd ; fR0srd 1 fR1srd in

Eq. (4) (and other related equations) can be naturally sepa-
rated into the sum of a harshly repulsive part, fR0srd,
and a much more slowly varying “smooth” part fR1srd,
arising physically mainly from the attractive interactions
in the original system. Equation (4) suggests the iden-
tification fR0srd ≠ f0srd and fR1srd ≠ fssrd 1 f1srd.
More generally, we can define fR0srd ≠ f0srd 2 f0ssrd
and fR1srd ≠ fssrd 1 f0ssrd 1 f1srd, where f0ssrd is
an essentially arbitrary smooth function that is nonzero
only in the repulsive core region but withf0ssrd ø f0srd,
so that fR0 remains a harshly repulsive interaction. In the

present case it is sufficient to take the separation suggested
by Eq. (4), with fR0 ≠ fHW and fR1 ≠ fs.
Our task is now to determine the local density

r0sr; ffRgd ; r0,Rsrd produced by a given ERF fR. We
provide a new way to solve this basic problem, quite
independent of its origins in the mean field equation (4).
Initially we treat the LJ repulsive potential u0 as a hard
core interaction but then use standard methods [3] to
correct for its finite softness in our final numerical results.
We expect that there will be very different responses
of the reference fluid density to the rapidly and slowly
varying parts of the ERF fR ; fR0 1 fR1 and anticipate
that any large oscillations arise mainly from the harshly
repulsive part fR0. These oscillations cause problems
in density functional methods, which use a variety of
somewhat arbitrary weighting functions to arrive at some
underlying “smooth density” for use in a free energy
functional [6].
Instead, we first determine the response to the slowly

varying part of the ERF alone, followed by the response
to the harshly repulsive part, using different methods in
each step appropriate for the different density responses.
In the first step, we determine the associated “smooth inter-
face” r0sr; ffR1gd ; r0,R1srd that arises naturally from the
slowly varying part fR1 ≠ fs of the ERF alone. Physi-
cally, this takes account of the effects of the attractive inter-
actions modeled by fR1. We start from the basic equation
relating small changes in the potential and density [3]:

2bdfR1sr1d ≠
Z

dr2 x21
0 sr1, r2; fr0,R1gddr0,R1sr2d ,

(5)
through the generalized linear response function
x21

0 sr1, r2; fr0,R1gd ; dsr1 2 r2dyr0,R1sr1d 2 c0sr1, r2;
fr0,R1gd. Here c0sr1, r2; fr0,R1gd is the direct correlation
function of the reference fluid with density r0,R1 and
b ≠ 1ykBT . Specializing to the case when the change
is a small displacement of the field, we find the exact
equation [10]:

=1r0,R1sr1dyr0,R1sr1d ≠ 2b=1fR1sr1d

1
Z

dr2 c0sr1, r2; fr0,R1gd

3 =2r0,R1sr2d . (6)

If r0,R1 is relatively slowly varying, we can accu-
rately approximate c0sr1, r2; fr0,R1gd under the integral in
Eq. (6) by the uniform fluid function c0sr12; r̄12d, where
r̄12 is some intermediate density associated with the two
points [11]. A natural choice that gives very good results
when r0,R1 is reasonably smooth is r̄12 ≠ fr0,R1sr1d 1
r0,R1sr2dgy2. Starting with a given fR1, we can then
solve Eq. (6) for the associated r0,R1 by iteration, making
use of the analytic and accurate Percus-Yevick (PY) ex-
pressions for the direct correlation function of the uniform
hard sphere fluid [3,11]. If necessary, we can choose fR1
inside the repulsive core region to help ensure that r0,R1 is
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Building on a quasichemical formulation of solution theory, this paper proposes a self-consistent molecular
field theory for packing problems in classical liquids, and tests the theoretical predictions for the excess
chemical potential of the hard sphere fluid. Results are given for the self-consistent molecular fields obtained,
and for the probabilities of occupancy of a molecular observation volume. For this system, the excess chemical
potential predicted is nearly as accurate as the most accurate prior theories, specifically the scaled particle
!Percus-Yevick compressibility" theory. A compact formula is obtained to throw light on the variation of the
chemical potential with the radius of a distinguished hard sphere solute in general solvents. It is argued that the
present approach is particularly simple, permits a natural description of possibilities for multiphasic behavior
of the solution, and should provide a basis for a molecular-scale description of more complex solutions.

DOI: 10.1103/PhysRevE.68.021505 PACS number!s": 61.25.Em

I. INTRODUCTION

The disordered packing of molecules at liquid densities is
a primary and difficult problem in the theory of liquids #1,2$.
This problem is typically addressed first by consideration of
model intermolecular interactions of hard-core type, interac-
tions that rigidly exclude molecular overlap. For those sys-
tems, a quantity of primary interest is then Boltzmann’s
available space #3$ from which follows the thermodynamic
excess chemical potential discussed here. Sophisticated theo-
ries, even if esoteric, are available #4–7$ for the equation of
state of the hard sphere fluid. In conjunction with simulation
results, adaptations of those theories provide empirically ex-
act, closed-form results for the hard sphere system #8$. Re-
cent theoretical activity #9,10$ on the hard sphere fluid has
emphasized that physical clarity is an important quality of
theories that might be transplanted to describe more realistic
solution models. The physical content of available models of
packing of more realistically shaped molecules is conceptu-
ally similar to theories of the hard sphere fluid, but the re-
sultant theories are naturally more complicated than for hard
spheres; Refs. #11–24,9$ give examples of that ongoing ac-
tivity.
Recent developments of a quasichemical approach to the

theory of molecular solutions #25$ have brought a new set of
concepts to bear on these problems #26$; these developments
suggest theories with clear physical content and possibilities
for physically natural improvement. This paper pursues these
developments further, proposing and testing a self-consistent
molecular field theory for packing. More important than the
specific packing problem considered here, these self-
consistent molecular field ideas will be carried forward to
develop quasichemical treatments of realistic solutions #25$.

II. THEORY

For economy of the presentation, we specifically discuss
the one-component hard sphere fluid. The quasichemical
theory for that system is built upon the theorem #26,25$

%&ex!ln!1" '
m(1

Km!R ")m" !1"

for a hard sphere solute in a general solvent; here %#1 is
kBT , &ex is the interaction contribution to the chemical po-
tential, and R!d , the radius of an observation sphere, is
equal to the hard sphere distance of closest approach #26,25$.
The Kn(R) are well defined equilibrium ratios of concentra-
tions of hard sphere n complexes with that observation
sphere. The quantities Kn(R) describe occupancy transfor-
mations fully involving the solution neighborhood of the ob-
servation volume. Except in the limit of low density, these
coefficients are known only approximately. Therefore, physi-
cally motivated approximations are required to proceed to
specific quantitative predictions.
Our previous study of this problem #26$ identified a

primitive quasichemical approximation in which
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Here v!4,R3/3 is the volume of the observation sphere,
u(ri j) is the interaction between molecules i and j !the hard
sphere interaction in the present case", and + is a Lagrange
multiplier used to achieve consistency between the known
bulk density ) and the average density in the observation
volume. Because of the explicit factors of ) in Eq. !1", + will
approach the thermodynamic excess activity, +-e%&ex

, when
R is macroscopically large. The integrals of Eq. !2" are few-
body integrals that can be estimated by Monte Carlo methods
#26$. A natural extension of this idea is to approximate
Kn(R) on the basis of n-molecule configurational integrals
that give the low-density limiting quantity, but with inclusion
of a molecular field %.SCF(r) as
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and the probabilities pn of the primitive quasichemical
theory !26". With the current approximate results, we per-
formed Monte Carlo calculations to estimate the densities for
each occupancy, and on that basis the average density im-
plied by the current field. We then updated the molecular
field according to

!#$%r&SCF"new!!#$%r&SCF"old" f ln!'%r &
' " , %7&

where f is a constant less than 1 that ensures stable conver-
gence of the molecular field; a value of 0.2 was found to
work here. Convergence to less than 1% variation in the field
is obtained in 20 iterations of this procedure, typically. Using
the field obtained above, we then updated the occupancies,
reevaluating the Kn

(0)(R;#$SCF) by performing additional

few-body simulations to evaluate the work associated with
turning on the molecular field using thermodynamic integra-
tion

Kn
(0)%R;#$SCF&

Kn
(0)%R;0 &

!exp!##
0

1$ (
j!1

n

#$SCF%rj&%
)

d)" ,
%8&

where ) is a coupling parameter, and *•••+) indicates aver-
aging over configurations generated under the influence of
the molecular field scaled as )#$SCF(r). Using these recal-
culated Kn

(0)(R;#$SCF), we generated a new set of pn ,
tested for convergence, and so on. This pn distribution was
found to converge to less than 0.1kBT of the chemical poten-
tial within two steps even at the highest densities considered.
We attribute the observed convergence to the fact that the
starting point, the primitive quasichemical theory, is accurate
for the probable occupancies. The molecular fields obtained
using this method were found to converge stably with little
difficulty.
Figure 1 shows the self-consistent molecular fields ob-

tained using the procedure described above up to fluid den-
sities of 'd3!0.9, just below the hard sphere freezing tran-
sition. #$SCF(r) is a monotonically increasing function of
radial position from the center of the stencil volume to its
boundary. This reflects the fact that in the absence of the
molecular field the hard sphere particles tend to build up on
the surface of the stencil volume to minimize their interac-
tions with the other particles %Fig. 2&. The molecular field
makes the boundary repulsive, depletes the surface density,
and homogenizes the density within the volume. The magni-
tude of this repulsive field increases with increasing fluid
density.
The predicted hard sphere chemical potentials as a func-

tion of density using the primitive and self-consistent mo-
lecular field quasichemical theories are compared to the
chemical potential from the Carnahan-Starling equation in
Fig. 3. The primitive theory works well up to 'd3,0.35,
roughly the critical density for Ar and the density region
suggested to mark qualitative packing changes in the hard
sphere fluid !28"; at higher densities the primitive qua-
sichemical theory systematically underpredicts the hard
sphere chemical potential. The present self-consistent mo-
lecular field theory significantly improves the agreement
with the Carnahan-Starling equation over the entire density
range. Above densities of 'd3,0.6, the self-consistent mo-
lecular field theory begins to overpredict the hard sphere
chemical potential, though the absolute value of the error is
in marked improvement over the primitive theory. Figure 4
shows that the most important deficiencies of the primitive
quasichemical theory are corrected by the self-consistent mo-
lecular field theory. Note that the self-consistent molecular
field theory captures the breakaway at high density of ln p0
from the primitive quasichemical prediction. The self-
consistent molecular field theory is in close agreement with
the scaled particle %or Percus-Yevick compressibility& theory
for the chemical potential.

FIG. 4. Distributions pn with R!d for densities of 'd3!0.35
%filled circles& and 0.8 %open circles&. The dashed lines are the
primitive quasichemical theory of Ref. !26", and the solid lines
correspond to the present SCF theory. Note the marked breakaway
of the n!0 point from the primitive quasichemical curve, observed
before !26". The errors on the high n side of these distributions
might reflect the fact that the present SCF theory does not explicitly
treat pair correlations. These correlations enter only through the
integrals Kn

(0)(R;#$SCF).

FIG. 5. Comparison of ln - %with - being the Lagrange multi-
plier or excess activity& against computed excess chemical poten-
tial, #.ex!#ln p0, demonstrating the thermodynamic consistency
of these quasichemical theories. The open circles are the primitive
quasichemical theory !Eq. %2&", and the filled circles are the present
self-consistent molecular field theory.
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Gao et. al., JPCB 2018.

Fast-forward two decades to find a difference of opinion on how to deal with (continuous) long-range structure of discrete molecules.  Weeks has presented a self-
consistent field theory (LMF) that approximates the long-range intermolecular forces as continuous, and leaves the short-range ones as discrete.  Pratt developed 
competing self-consistent field theory ideas.  Recently, the two were happily reunited when considering an old application - the pair correlation between two 
hydrophobes.  This means we can try and cross-fertilize LMF and quasi-chemical theory ideas.
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For the vdW component, the free energies are computed
directly fromQCT calculations.20,36,42 TheQCT form of the free
energy is as follows:

βμexLJ ¼ ln x0ðλÞ $ ln p0ðλÞ þ lnÆeβΔULJ jr > λæΔULJ
ð6Þ

where x0 is the probability of no water occupancy in the inner
shell with the solute present and p0 is the probability of no water
occupancy in the inner shell with the solute absent. The three
terms, in order, are (1) the inner-shell contribution (minus the
free energy to move the inner-shell water molecules out to a
distance λ), (2) the hard-sphere packing contribution (free
energy to grow a cavity of size λ in bulk water), and (3) the
long-ranged contribution (free energy to insert the solute into an
existing cavity of size λ). The averaging in the long-ranged term is
conditional on no water present in the inner shell. The first and
third terms were calculated directly from simulation data for
the vdW particles. The first term involves occupancy statistics
for the inner-shell region; the spatial cutoffwas taken at the value of
the ion$waterσ parameter. In refs 27 and 43, it was found that the
third term can be computed accurately with a Gaussianmodel, and
that approach is followed here. The entropy for the second
(packing) term above was obtained from Figure 15 of ref 44.

’RESULTS AND DISCUSSION

Figure 1 displays the temperature dependent (total) electro-
static free energy data for the six ions examined here: Na+, K+, F$,
Cl$, Br$, and I$ (the Ilg

$ ion is omitted in this figure). It can be
seen from the data and confirmed by linear regression that linear

behavior is observed over the whole temperature range. The local
and far-field components of the electrostatic part of the free
energy display similarly linear behavior over the examined
temperature range. The ordering of the electrostatic free energies
in Figure 1 is the same as that for the experimental total free
energy data from ref 6, except the Na+ and Cl$ results are
reversed; note, however, that Figure 1 does not include the vdW
portion of the free energy.

The long-ranged vdW component computed with a Gaussian
model also displays linear temperature dependent behavior. The
inner-shell component, however, exhibits some nonlinearity, which
is not surprising for this hydrophobic hydration problem. The
data were thus fit to the functional form μIS

ex = c0 + c1T + c2(T ln T),
consistent with a constant heat capacity contribution.44 The fit
accurately reproduces the data, and the slope was used to estimate
the corresponding entropy at 298 K. The data for the seven ions are
presented in Table 2.

We start by discussing the entropy results for the uncharged
ions, namely the LJ particles. It is well-known that the entropy of
hydration of hard-sphere solutes (sHS

ex ) is negative, with the
magnitude increasing with increasing particle size.44 It is appar-
ent from Table 2 that sHS

ex is the largest contribution to the vdW
particle entropy. The inner-shell contribution is positive, and the
magnitude increases with increasing size, leading to a partial
compensation for the packing term. The long-ranged component
of the entropy is negative and small in magnitude, leading to little
ion specificity. The total vdW entropy exhibits the expected
general trend of larger magnitude negative values with increasing
particle size (at room temperature—see ref 4, Table 2.22).44

We next focus on the far-field electrostatic contribution to the
entropy. The data show that this component of the entropy is
negative and exhibits relatively small variation with ion size.
Reference 27 shows that the far-field term can be accurately
modeled at the Gaussian level, and this is consistent with
dielectric models. As discussed in ref 20 (Chapter 1), such a
dielectric model predicts a small negative entropy mainly
through the temperature dependence of the dielectric constant.
Thus, the far-field term does not exhibit strong ion specificity.We
note that there may be some system size dependence to the far-
field term; in ref 27, a value for ses,far

ex for the Cl$ ion was estimated
as $8.6 ( 4 cal/(mol K). That study involved 499 water
molecules, but the entropy calculations were performed for
shorter time scales and at fewer temperatures. Also, the damping
length was taken as slightly smaller than that employed here; a
shorter damping length emphasizes the far-field contribution. It
is conceivable that the smaller system sizes examined here may

Figure 1. Temperature dependence of the total electrostatic contribu-
tion to hydration free energies.

Table 2. Hydration Entropy Dataa

ion ses,loc
ex ses,far

ex ses,tot
ex sIS

ex sHS
ex sLR

ex svdW
ex stot

ex sex(expt)

F$ $36.6(2.2) $3.5(0.8) $40.0(2.6) 5.4(0.1) $14.2 $0.44(0.04) $9.2 $49.2 $30.4

Cl$ 0.5(0.8) $3.1(0.5) $2.7(1.1) 10.8(0.3) $22.0 $0.72(0.04) $11.9 $14.6 $15.4

Br$ 3.9(0.8) $2.2(0.3) 1.7(0.9) 12.2(0.4) $22.9 $0.60(0.08) $11.3 $9.6 $11.6

I$ 15.0(0.6) $2.7(0.2) 12.4(0.7) 15.1(0.5) $27.0 $0.76(0.17) $12.7 $0.3 $7.3

Ilg
$ 19.3(0.7) $2.3(0.3) 17.0(0.8) 18.0(0.9) $30.1 $0.86(0.16) $13.0 4.0

Na+ $9.5(1.8) $4.4(0.3) $13.9(1.8) 6.6(0.1) $12.2 $0.08(0.02) $5.7 $19.6 $16.3

K+ 1.5(0.9) $2.7(0.3) $1.2(0.9) 9.1(0.2) $16.9 $0.22(0.03) $8.0 $9.1 $7.7
a In order, the listed entropies are the following: the local electrostatic contribution, the far-field electrostatic contribution, the total electrostatic
contribution, the inner-shell vdW contribution, the hard-sphere packing vdW contribution, the long-ranged vdW contribution, the total vdW
contribution, the computed total entropy of hydration, and the experimental data obtained from ref 6. The inner-shell, hard-sphere packing, total vdW,
computed total, and experimental data are at room temperature. Error estimates are listed in parentheses. All values are in cal/(mol K).

Beck, JPCB 2011.
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In practical applications, we always end up calculating all the contributions to solvation free energies anyway.  The top-left shows how a separation of solvation free 
energy for Na+ and Cl- ions looks when you focus on discrete molecules (punching holes in the solvent) first.  The top-right shows the first part of how it looks when you 
focus first on adding the strong, but smooth (continuous) electric field of a Gaussian-screened point charge.

These kind of join together when you look at the lower panel, where all possible steps I can think of are done.  The application is really important, since it can pinpoint 
which free energy is most “ion-specific.”  Note that both continuous and discrete approaches were also put together by Matyushov to study charge transfer and dipolar 
solvation.



Feature Artlcle The Journal of Physlcal Chemistry, Vol. 88, No. 8, 1982 071 

Equation 22 is a functional equation for the density 
distribution p(r), which is what we aimed for. In an in- 
terface p(r) is understood to be &), and then (22) is to 
be solved subject to p ( m )  = p and p(-) = p1, where pB and 
p1 are the densities of the bulk gas and liquid phases at the 
temperature T (or, equivalently, at the chemical potential 
p, which is a function of T). 

If p(r) or p(z)  is indeed only slowly varying over the 
range of dn+Jr), then p(r + r’) in (22) may be expanded 
about r and the expansion truncated in second order, with 
the result (if, let us say, the nonuniformity is in the z 
direction only) 

m d2p(z)/dz2 = ~ [ p ( z ) , T l  - 1.1 (23) 
where m is the second moment of -+at&) 

where 4attr(r) is the attractive component of the intermo- 
lecular potential, u is again the diameter of the hard core, 
and 

(17) 

is van der Waals’s a. The probability w may be identified 
from (15) as p / X  for a fluid of hard spheres without at- 
traction; call it p/Xb, where Ab = X&J) is to be evaluated 
at the density p of our model fluid. Then the equation of 
state of the fluid in this approximation is 

X(p,T)  = Xb(p)e-2ap/kT (18) 
This is equivalent to the familiar p = pb - up2 for the 
pressure p .  

This treatment of the homogeneous fluid is given as an 
illustration of the application of the potential-distribution 
theory; but a more important application is to the inho- 
mogeneous fluid, particularly to the determination of the 
density profile p ( z )  as a function of the height z in, let us 
say, a liquid-vapor interface.14 The necessary generali- 
zation of (3) isI6 

p(r)/h = (e-*Q (19) 
where the average is now no longer taken at an arbitrary 
point in the fluid but at the position r, as indicated, while 
X is still the spatially uniform thermodynamic activity. 
Equation 19 applies generally, for any kind of inhomog- 
eneity. For a horizontal interface r may be replaced by 
the height 2. In mean-field approximation, as we shall see 
immediately, the right-hand side of (19) is a simple 
functional of the density distribution p(r). Then, since A 
is uniform, (19) becomes a functional equation for p(r), or, 
more particularly, for p(z)  in an interface. 

The mean field is now r dependent, so (16) must be 
replaced by 

a functional of the density distribution. If p(r) changes 
little over distances of order u we will still have 

= M p ( r ) l  exp[9,,,f(r)/kTl (21) 
in mean-field approximation, as in (16)-(18), but where 
now Xb[p(r)] is A&) evaluated at the local p = p(r), while 
the X without any indicated argument is still the spatially 
uniform thermodynamic activity. If p(r) also changes little 
over the range of &&) we may simplify (20), and we shall 
soon do so, but for now we leave it in its more general, 
nonlocal form. 

Taking account of (171, (lS), and (20), and in terms of 
the configurational chemical potential p = kT In A, we may 
rewrite (21) as 

4,ttz(r?[p(r + r’) - p(r)l d7e = cL[p(r),Tl - CL 

(22) 
Here p[p(r),m = kT In A[p(r),Tl with A ( p , T )  given by (18, 
so it may be interpreted as the chemical potential of the 
fluid hypothetically constrained to be homogeneous at a 
density p(r) equal to the local density in the inhomoge- 
neous flui4 while the p with no indicated arguments is just 
the spatially uniform chemical potential of the inhomo- 
geneous fluid. 

(14) C. A. Leng, J. 5. Rowlineon, and 5. M. Thompeon, Proc. R. SOC. 

(16) B. Widom, J. Stat. Phys., 18,683 (1978); C. Varea, A. Valderrama, 
London, Ser. A, 852, 1 (1976). 

and A. Robledo, J. Chern. Phys., 78,6266 (1980). 

a positive constant. These are van der Waals’ famous 
formulae for determining the density profile of the liq- 
uid-vapor interface. Near the critical point we may ex- 
pand p(p,T) - p in powers of p - pc and T - T,, the devi- 
ations of p and T from their values at the critical point, 
and truncate the expansion after the leading terms. Thus 

d p , T )  - CL = -A(T, - T)(P - P,) + B(P - ~ 3 ’  (25) 
From this and (23) we obtain the classical hyperbolic- 
tangent profilela 
p ( z )  - pc = [A(T,  - T ) / B ] 1 / 2  tanh ( [A(T ,  - T)/2m]1/2z) 

(26) 
We may similarly analyze the lattice-gas model we de- 

fined earlier. Let -6 (with E > 0) be the energy of inter- 
action of molecules in neighboring cells; and let each cell 
at any height z have c’neighbors above it, a t  the height 
z + 1, likewise c’neighbors below it, at z - 1, and then c 
- %’neighbors in ita own layer at height z,  80 that the total 
coordination number is again c. (Note that the present 
z is dimensionleas; it is the height measured in unita of the 
height of one cell.) The model excludes multiple occu- 
pancy of cells, so the potential 9 felt by a test particle is 
+a when there is a molecule of the fluid in the same cell 
with it. Then (19) becomes 

= [1 - ~(z)l(exp(-9~rn/kT)), (27) 
= [1 - P(Z)l exp[-*xnf(z)/kTl (28) 

the factor 1 - p ( z )  being the probability that the test 
particle find an arbitrary cell at z empty. (This p is di- 
mensionless, being the number density in units of the 
reciprocal cell volume.) Equation 27 is exact, and eq 28 
is the mean-field approximation. We again have *‘mf given 
by (20), which for the present model gives us 

*&) = -e[c’p(z + 1) + (c  - 2c?p(z) + c’p(z - l)] 
= - c [ c ~ ( z )  + c’A2p(z)] 

(29) 

When the fluid is homogeneous, with a uniform p(z) = 

M p , T )  = [ p / ( l -  p)I e-ceP/kT (30) 
as ita equation of state, in mean-field approximation. In 
terms of the related configurational chemical potential 
p(p,T) ,  eq 28-30 then give for p(z )  in the heterogeneous 
fluid the difference equation 

where A2 is the second-difference operator. 

p and A2p = 0, eq 28 with 29 gives 

(16) J. W. Cahn and J. E. Hilliard, J. Chern. Phys., 28, 268 (1968). 

Applications
❖ We have to be able to look at 

particle structures locally and 
density distributions in the 
long-range.

❖ Interfaces illustrate this nicely, 
and early on it was believed HS 
theories would work locally 
and mean-field for LR.

❖ Perturbation theories had 
success with local structures, 
but not LR (unless LR didn’t 
change).
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c'tA2p(z) = P [ P ( z ) , ~ ' ~  - c1 (31) 
with p [ p ( z ) , q -  p having the same interpretation as before 
(see the discussion following (22)). This is the analogue 
of the nonlocal, integral equation (22) in the model of 
attracting hard spheres. When p(z )  varies slowly, the 
second difference A2p(z) becomes the second derivative 
d2p(z)/dz2, and then (31) becomes the analogue of (231, 
with m = c'c (having now the dimensions of an energy 
because the present z and p are dimensionless). 

This technique of obtaining surface profiles from the 
potential-distribution principle by expressing (exp(-\k/ 
kT)), as a functional of p(r) in the mean-field approxi- 
mation has recently had a novel application, viz., to the 
determination of the composition profile of a three-phase 
line. Sometimes three fluid phases are in equilibrium as 
three horizontal layers, separated in pairs by two ordinary, 
two-phase interfaces, one between the top layer and the 
middle layer and the other between the middle and bottom 
layers. But equally often in three-phase equilibrium the 
phases do not take the form of horizontal layers; instead, 
they meet with nonvanishing contact angles at  a line of 
mutual contact-the three-phase line. They are now 
separated in pairs by three two-phase interfaces, which we 
may think of as planes, and which also meet at  this line; 
the bulk phases occupy the dihedral angles between these 
planes. Far from the three-phase line the planar (or nearly 
planar) interfaces between phases have density or chem- 
ical-composition profiles like that of any normal interface, 
described (in mean-field approximation) by the theory we 
have already outlined. We wish now to determine the 
spatial variation of the densities in the neighborhood of 
the three-phase line, just as we have already determined 
the spatial variation of the density through any of the 
two-phase interfaces. 

Again we consider a simple model, now a model mixture 
of three species a, b, and c, such that molecules of the same 
species do not interact while any two unlike molecules 
repel as hard spheres of diameter u. This is the model of 
Guerrero et al." We treat first a homogeneous phase of 
this model fluid, and find Aa(Pa,pb,Pc), etc. from (6), in 
mean-field approximation. The interactions are such that 
exp(-\k,/kT) is only 0 or 1; it is 0 when the a test particle 
is within the distance u of the center of any b or c molecule 
in the fluid, and is 1 otherwise. Thus, p s / A s  is the prob- 
ability that an arbitrary point in the fluid is not within the 
distance u of the center of any b or c molecule. We now 
approximate this probability by what it would be if the 
locations of the b and c molecules in the mixture were 
random (which, because of the interactions, they cannot 
really be). Thus1' 

Pa/& e exp[-(pb + pc)l etc. (32) 
with pa, ... and A,, ... all measured in units of (4~ /3 ) (2u )~ .  
This is what takes the place of the earlier mean-field ap- 
proximation now that there are no attractive forces be- 
tween molecules, only hard-sphere repulsions. The ap- 
proximation (32) is thermodynamically consistent; that is, 
it satisfies the stringent requirements a In A,/apb = a In 

etc., which other conceivable approximations might 
fail to do. Thus, we have for the equation of state of the 
fluid, in this approximation 

(33) h(pa,pb,pc) = Pa e d p b  + P,) etc. 

Widom 

states in which the mixture 
separates into three phases, in one of which pa >> pb = 
pc and the two others of which are related to this one by 
permutation of a, b, c. By symmetry, in such a three-phase 
equilibrium A, = Ab = A,. Also by symmetry, the phases 
meet at a three-phase line, with three equal contact angles 
(the dihedral angles between the two-phase surfaces) of 
1200. 

We now wish to determine the density profiles p,(x,y), 
pb(X,Y), and p,(x,y), where x and y are the two spatial 
coordinates perpendicular to the direction of the three- 
phase line. (Clearly, nothing varies in the direction parallel 
to that line, which is also the direction that is simultane- 
ously parallel to all three of the two-phase interfaces.) We 
then take (6) in the form 

pa(x,Y)/Aa (exP(-*,/kT)),,,, 

appropriate to a nonuniform fluid, and again approximate 
the right-hand side by supposing that an a test particle 
sees molecules of species b and c as though these were 
distributed at random, but with the local densities P b ( X j )  
and p,(x,y). The result is an approximation to (exp- 
( - \ka/kT))zJ in the form of the exponential of an integral 
functional of pb(x,y) and p,(x,y) that is closely analogous 
to the functional (20) but with a purely geometrical factor 
in place of the intermolecular potential.ls 

I shall not quote that result, which will be available 
shortlyl8 for the interested reader, but will quote the form 
to which it reduces when the densities are assumed to be 
slowly varying. We may then expand the integral func- 
tional and truncate the expansion after second order, as 
we did in (22) to obtain (23). In this way we find the 
densities p,(x,y), etc., to be determined by 

From (33) there are 

-(l/lo)v2(pb + = [Aa(pa,pb,pc)/Al etc. (34) 
where V2 is the two-dimensional Laplacian #/ax2 + #/dy2, 
with x and y now dimensionless, both being measured in 
units of a; where Aa(pa,pb,pc) is the function in (33); and 
where A is the common, uniform value of the thermody- 
namic activities A,, Ab, and A, in the three-phase equilib- 
rium. Equation 34 is clearly analogous to (23) or (31); but 
now the activity A,(Pa,p,,,pJ of the hypothetical system that 
has uniform densities pa, etc., equal to the local densities 
p , ( x j ) ,  etc., is related by (34) to the spatial variation of 
the densities of components other than the component a, 
etc. This is a consequence of the repulsion between unlike 
molecules and the absence of interaction between like 
molecules in this model. The physically relevant solutions 
p, (xy) ,  etc., of (34) are those that reduce to the appropriate 
constant densities pa, etc., in the interior of each bulk 
phase. Far from the three-phase line, and in the appro- 
priate directions, these solutions also reduce properly to 
the interfacial density profiles of the two-phase interfaces. 

This novel application of the potential-distribution 
theory illustrates its usefulness. Although, as we saw, it 
is the basis of important practical techniques in the theory 
of uniform fluids, it is probably in its applications to 
nonuniform fluids that its real power and versatility be- 
come apparent. 
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Lennard-Jones g(r). Equation (7) can also be written 
in terms of the Fourier transforms of the correlation 
functions: 

{3.1A {3.1Ao {3 f A 

-- = - +H{3p)u(O)+ -- ho(k)u(k)dk 
N N 2(211")3 

+ _{3_ j1 dA f [h(k; A)-ho(k)]u(k)dk, (9) 
2(211")3 0 

where 
u(k) = f dru(r) exp( - tH:' r) ( 10) 

and h(k; A) is the Fourier transform of the correlation 
function in the "test" system. According to our hy-
pothesis, only the small wave vector contributions will 
be significant in the last integral of Eq. (9). Further-
more, the last integral should effectively vanish when 
the density becomes sufficiently high. Thus, if the hy-
pothesis is true, then for low temperatures as well as 
high the high-temperature approximation 

{3.1A {3.1Ao {3 f A 

- +[!({3p)u(O)J+ -( )3 ho(k)u(k)dk Iv N 2 211" 
(11 ) 

will be only approximately valid, i.e., errors 10% when 
the density is low, but will become much more accurate 
as the density increases. The calculations presented in 
the next section show that this behavior does occur. 

lIT' 

FIG. 2. Plots of d({J, p) for a few isochores. 

o 
o 

o 
o 

FIG. 3. Plot of h(k) for p*=O.S426, T*=1.326. The line 
represents Eq. (15'); the circles are the molecular dynamics 
results (Ref. 1). 

Further tests of our ideas concerning the equilibrium 
structure of simple liquids are found in the application 
of the pressure (virial) equation,6 

{3p/p= 1-H{3p)fr(aw(r)/ar)g(r)dr (12) 

and the energy equation for the excess internal energy,6 

.1E/N = (p/2)fw(r)g(r)dr. (13) 

These equations probe the quantitative behavior of the 
radial distribution function. According to our hypothe-
sis, when the density is sufficiently high, g(r) is accu-
rately approximated by go(r). Thus, by using this ap-
proximation to evaluate Eqs. (12) and (13), we have 
a sensitive test of the hypothesis. Such a calculation is 
carried out in the next section; the results obtained at 
high densities (p* ;;::0.65) are in good agreement with 
molecular dynamics results. 

To perform the numerical evaluations necessary to 
verify our hypothesis, we need the thermodynamic 
properties and two-particle correlation function in the 
reference system. Rather than perform expensive ma-
chine calculations to obtain this information, we have 
invented an approximation method to describe the ref-
erence system. The method appears to be sufficiently 
accurate for the purposes of this paper. To discuss it, 
we introduce the function yo(r) which is defined by 
the equation 

go(r) =yo(r) exp[ -{3uo(r)]. (14) 

Physically, yo(r) gives the correlations that exist in the 
reference system beyond the range of the reference 
interaction. Since this interaction is harshly repulsive, 
it seems probable that yo(r) can be approximated by 
the similar function appropriate to a hard-sphere sys-
tem of diameter d, Yd(r). For this reason, we consider 
the following approximation: 

exp[ -{3uo(r)], (15) 
or 

ho(k) = hd(k )+pf drYd(r ) [exp ( -{3uo) - exp( -{3Ud)] 

Xexp( -tH:·r), (15') 

Widom, JPC 1982.

WCA, JCP, 1971.

LR local (pert.)

LR local

Why debate about continuous vs. discrete?  The answer is of course that good theories have to be mindful of the difference (and usually include both).  The An example 
par excellence is the structure factor, S(k), for LJ fluids.  Using a discrete-like ‘hard-sphere’ packing problem predicts the structure factor at large k (short distance).  A 
continuous long-range correction is later added to the free energy.
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By splitting the Coulomb interaction into long-range and short-range components, we decompose the energy
of a quantum electronic system into long-range and short-range contributions. We show that the long-range part
of the energy can be efficiently calculated by traditional wave function methods, while the short-range part can
be handled by a density functional. The analysis of this functional with respect to the range of the associated
interaction reveals that, in the limit of a very short-range interaction, the short-range exchange-correlation
energy can be expressed as a simple local functional of the on-top pair density and its first derivatives. This
provides an explanation for the accuracy of the local density approximation (LDA) for the short-range func-
tional. Moreover, this analysis leads also to new simple approximations for the short-range exchange and
correlation energies improving the LDA.
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I. INTRODUCTION

In the Kohn-Sham (KS) approach [1] of density func-
tional theory (DFT) [2] of inhomogeneous electronic sys-
tems, the central quantity is the unknown exchange-
correlation energy functional Exc!n" which encompasses all
the many-body effects. The vast majority of approximations
for this functional are based on the original local density
approximation (LDA) [2], an approximation that turned out
to be more accurate and reliable than expected and rather
difficult to improve in a systematic way [3].
Actually, it has been realized for a long time, with the

wave-vector analysis of Exc!n" by Langreth and Perdew [4],
that the LDA describes accurately (but not exactly in general
[5]) short wavelength density fluctuations, but is inadequate
for long wavelength fluctuations. A dual analysis in real
space of the exchange-correlation energy (see, e.g., Ref. [6])
leads to the same conclusion that the LDA is accurate at
small interelectronic distances but fails at large distances.
This observation lead to the development of the first gradient
corrected functionals [7–12] with the basic objective to cure
the wrong long-range contribution to the exchange-
correlation energy of the LDA.
However, describing accurately the nonlocal correlation

effects arising from the long-range character of the Coulomb
interaction by (semi)local density functional approximations
still seems out of reach. This idea in mind, it is has been
proposed to use a density functional approximation only for
the short-range part of the electronic energy, and treating the
long-range part by more appropriate many-body methods
[13–17]. This approach was somehow inspired from early
calculations of the correlation energy of the uniform electron
gas based on a separate treatment of long-range and short-
range contributions (see, e.g., Refs. [18–20]).
For atoms and molecules, this approach leads to a rigor-

ous method for combining traditional ab initio wave function

calculations with DFT [21,22], and we recall now the for-
malism. The Coulomb electron-electron interaction is de-
composed as

1
r
= vee

! #r$ + v̄ee
! #r$ , #1$

where vee
! #r$ is a long-range interaction, v̄ee

! #r$ is the comple-
ment short-range interaction and ! is a parameter controlling
the separation. The universal functional [23] F!n"
=min"→n%"&T̂+ V̂ee&"', where T̂ is the kinetic energy opera-
tor and V̂ee=(i#j1/rij is the Coulomb interaction operator,
can then be decomposed as

F!n" = F!!n" + F̄!!n" , #2$

where F!!n" is the universal functional corresponding to the
long-range interaction V̂ee

! =(i#jvee
! #rij$

F!!n" = min
"→n

%"&T̂ + V̂ee
! &"' , #3$

and F̄!!n"=F!n"−F!!n" is by definition the complement
(short-range) part.
The exact ground-state energy of an electronic system in

the external local nuclei-electron potential vne#r$ can be writ-
ten using this short-range functional F̄!!n" via application of
the variational principle

E = min
n
)F!!n" + F̄!!n" +* n#r$vne#r$dr+

= min
"
)%"&T̂ + V̂ee

! &"' + F̄!!n"" +* n"#r$vne#r$dr+
= %"!&T̂ + V̂ee

! &"!' + F̄!!n"!" +* n"!#r$vne#r$dr . #4$

In this equation, "! is given by the Euler-Lagrange equation*Electronic address: savin@lct.jussieu.fr
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SR vs. LR - The Second Debate

Toulouse, Colonna and Savin, PRA 70, 2004.

This brings us to the 2nd debate.  What is short-range (SR) and what is long-range (LR)?  Which is “easier” and which is a “perturbation.”?  This is an age-old question 
even for electronic density functional theory.



Virial vs. Compressibility

❖ Short-range repulsion provides 
good large-k structure.

❖ Organization at small k is 
included perturbatively.

❖ Virial route to computing 
pressure relies on good SR 
part. — usually preferred

❖ Compressibility route relies on 
small-k (hence LR). — usually 
neglected
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Lennard-Jones g(r). Equation (7) can also be written 
in terms of the Fourier transforms of the correlation 
functions: 

{3.1A {3.1Ao {3 f A 

-- = - +H{3p)u(O)+ -- ho(k)u(k)dk 
N N 2(211")3 

+ _{3_ j1 dA f [h(k; A)-ho(k)]u(k)dk, (9) 
2(211")3 0 

where 
u(k) = f dru(r) exp( - tH:' r) ( 10) 

and h(k; A) is the Fourier transform of the correlation 
function in the "test" system. According to our hy-
pothesis, only the small wave vector contributions will 
be significant in the last integral of Eq. (9). Further-
more, the last integral should effectively vanish when 
the density becomes sufficiently high. Thus, if the hy-
pothesis is true, then for low temperatures as well as 
high the high-temperature approximation 

{3.1A {3.1Ao {3 f A 

- +[!({3p)u(O)J+ -( )3 ho(k)u(k)dk Iv N 2 211" 
(11 ) 

will be only approximately valid, i.e., errors 10% when 
the density is low, but will become much more accurate 
as the density increases. The calculations presented in 
the next section show that this behavior does occur. 
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represents Eq. (15'); the circles are the molecular dynamics 
results (Ref. 1). 

Further tests of our ideas concerning the equilibrium 
structure of simple liquids are found in the application 
of the pressure (virial) equation,6 

{3p/p= 1-H{3p)fr(aw(r)/ar)g(r)dr (12) 

and the energy equation for the excess internal energy,6 

.1E/N = (p/2)fw(r)g(r)dr. (13) 

These equations probe the quantitative behavior of the 
radial distribution function. According to our hypothe-
sis, when the density is sufficiently high, g(r) is accu-
rately approximated by go(r). Thus, by using this ap-
proximation to evaluate Eqs. (12) and (13), we have 
a sensitive test of the hypothesis. Such a calculation is 
carried out in the next section; the results obtained at 
high densities (p* ;;::0.65) are in good agreement with 
molecular dynamics results. 

To perform the numerical evaluations necessary to 
verify our hypothesis, we need the thermodynamic 
properties and two-particle correlation function in the 
reference system. Rather than perform expensive ma-
chine calculations to obtain this information, we have 
invented an approximation method to describe the ref-
erence system. The method appears to be sufficiently 
accurate for the purposes of this paper. To discuss it, 
we introduce the function yo(r) which is defined by 
the equation 

go(r) =yo(r) exp[ -{3uo(r)]. (14) 

Physically, yo(r) gives the correlations that exist in the 
reference system beyond the range of the reference 
interaction. Since this interaction is harshly repulsive, 
it seems probable that yo(r) can be approximated by 
the similar function appropriate to a hard-sphere sys-
tem of diameter d, Yd(r). For this reason, we consider 
the following approximation: 

exp[ -{3uo(r)], (15) 
or 

ho(k) = hd(k )+pf drYd(r ) [exp ( -{3uo) - exp( -{3Ud)] 

Xexp( -tH:·r), (15') 
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FIG. 1. Separation of the Lennard-Jones potential, .o(r) , 
into a part containing all the repulsive forces, uo(r), and a part 
containing all the attractive forces, u (r). 

correlation function is 

h(k)=pIdrh(r) exp( -ik·r). (2) 

The structure factor, x(k), is simply h(k)+1, and it 
is measured directly by scattering experiments per-
formed on a fluid. 

In this paper, a tten tion is focused on h (k) for the 
Lennard-Jones liquid. In particular, for liquid densities 
(pu3 we hypothesize and then verify the follow-
ing statements: (i) At intermediate and large wave vectors 
(ku:$7r), the quantitative behavior of h(k) is dominated 
by the repulsive forces (the attractive forces are primarily 
manifested in the small wave vector portion of the 
spectrum),; (ii) For high densities (pu3 the be-
havior of h (k) even at small wave vectors (ku:$ 7r) is at 
least qualitatively determined by the repulsh'e forces. Phys-
icallv, the first statement is understood once it is re-
call;d that h(k)+1 represents the linear response of 
the fluid structure to a disturbance of wavelength 
27r/k.7 While a short wavelength disturbance will probe 
both the repulsive and attractive forces in a fluid, it 
is reasonable that the harsh repulsions, rather than the 
slowly varying longer ranged attractions, will dominate 
the response of the fluid to such a disturbance. The 
second statement is equivalent to asserting that the 
correlations in a simple liquid are almost entirely due 
to excluded volume effects when the density is high. 
While this latter part of our hypothesis has been stated 
qualitatively by many authors,I.2,4,Q its quantitative 
validity has not been fully exploited. 

We consider and attempt to verify the consequence 
of our hypothesis within the framework of a simple 
computational scheme. The relevant statistical mechan-
ics are discussed in Sec. II. The numerical ramifications, 
and thus justification, of the hypothesis are presented 
in Sec. III. The paper is concluded in Sec. IV with a 
discussion of the significance of our work. 

II. THEORY 
For the physical reasons stated above, we separate 

the intermolecular potential into two parts: 

w(r) = uo(r )+u(r). (.) ) 

We call #o(r) the reference system pair potential and 
u(r) the perturbation potential. For the particular 
separation in which we are interested, uo(r) includes 
all the repulsive forces in the Lennard-Jones potential 
and u(r) all the attractions. With the additional condi-
tion that the reference system pair potential obey the 
thermodynamic requirement uo(r)---70 as r---7OO, this 
separation is unique: 

uo(r)=w(r)+f, r< 21/6U 

=0, r::2: 21/6U (4) 

u(r)=-f, r< 21/6U 

=w(r), r::2: 21/6U. (5) 

These functions are depicted in Fig. 1. 
The hypothesis we try to verify in this paper is that 

for range of wavevectors where 
hoek) is the Fourier transform of the reference system 
two-particle correlation function. In particular, we as-
sert that at moderate and high densities, this approxi-
mation is very accurate for /;;u and at high densities 
it is accurate for smaller wave vectors as well. In the 
next section we show that the assertion appears to be 
true, and as a result we are able to construct a simple 
approximation for g(r) that is very accurate at high 
densities. 

The thermodynamic ramifications of our postulate 
can also be discussed. First, we consider the free en-
ergy. This is done by introducing a "test" potential 

70(r; "A)=uo(r)+Au(r), (6) 

Then we can relate the Helmholtz free energy of the 
Lennard-Jones system to the reference system and the 
perturb a tion8 : 

i3p 11 f 
-,-T = -. T- + - dA g(r; A)u(r)dr. 

1\ "v 2 0 
(7) 

Here g(r; A) is the radial distribution function in the 
"test" system, is the excess free energy (with re-
spect to'the ideal gas at the same volume temperature 
and density): 

A = fP (i3P -1)d I (8) 
I I p, 

HOP P 

where P is the pressure, and is the excess free en-
ergy in the reference system. With our choice of refer-
ence and perturbation interactions, the integral over 
A in Eq. (7) represents the effect of turning on the 
attractive forces in the Lennard-Jones fluid: when A=O, 
g(r; A) is the radial distribution function for the refer-
ence system, goer); and when A= 1, g(r; A) is the 

Weeks, Chandler, Anderson JCP 54, 1971.

Perry, Massey and Cummings, Fl. Phase Equ., 39, 1988.

The SR/LR question is loaded from the very beginning, since there are two well-known ways to go once you predict the structure factor of a fluid.  The virial route relies 
on getting the large-k (small distance) structure factor right.  The compressibility route, on the other hand, relies on the small-k (large distance) structure factor.

As we have seen the WCA model has a correction that is an integral over the radial distribution function.  Could there be a corresponding, 1-step, “truncate g(r)” 
correction to good predictions of the short-range structure factor?
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FIG. 6. The counterion density profile near a charged wall for the point ions
and for the ions with the distribution in Eq. (26) for R = 0.8 nm and different
Z . The system parameters are those in Fig. 2.

With this example, we try to demonstrate possible ex-
tensions of the model based on charge spreading. For exam-
ple, the repulsion controlled by the parameter Z could repre-
sent the interaction between polymers on account of the self-
avoiding walk of polymer chains.

V. COMPARISON WITH SIMULATION

To test the mean-field approximation implicit in the
FSPB equation, we carry out Monte Carlo (MC) simulations.
The size of the simulation box is Ly = Lz = 8 nm and Lx
= 6 nm. The periodic boundary conditions are in the lateral
(y, z)-directions. The bounding plates at x = 0 and x = Lx
have opposite charge. The box encloses N = 600 ions, N+
= N− = 300. To check for the finite size effects, we double
the simulation size for some parameters. The standard Ewald
summation is applied for contributions of periodic images.32

If particles overlap, we supplement the interaction energy
with the term: β"Utot(r < 2R) = βU (rij ) − λB

rij
. (A physical

picture is slightly modified when doing simulations. In sim-
ulations we tend to think of particles as point charges which
at separations r < 2R switch to the non-Coulomb interactions
U(r). Within the mean-field theory based on the Poisson equa-
tion, we tend to think of an ion as a charged ball. The two
conceptions are, however, identical.)

Figure 7 compares counterion profiles obtained from the
simulation and the FSPB equation. For R = 0.8 nm the agree-
ment is virtually exact. For the smaller radius R = 0.1 nm
we see the two results deviate: in the simulation, the correla-
tions generate a more concentrated layer of counterions (but
no overcharging). In Fig. 8, we plot the coion density profile
for R = 0.8 nm to further confirm the accuracy of the mean-
field in this regime.

What causes charge reversal for smeared-out ions? Do
counterions merely penetrate or the pair potential is suffi-
ciently flat in the overlap region and counterions collapse into
stacked formations, so that the pair correlation function ex-
hibits positive peak as r → 0? In Fig. 9, we show the con-
figuration snapshots for counterions adsorbed on a charged
surface for different values of R. The difference in structure is

0.001 0.01 0.1 1
x[nm]

1

10

ρ −
[n

m
-3

]

R=0.1 nm
R=0.8 nm

FIG. 7. Counterion density profiles. The system parameters are:
λGC = 0.09 nm and λB = 0.72 nm. The symbols designate the simu-
lation data points and the lines are the numerical results for the FSPB
equation.

perceptible. Ionic penetration favors smaller separations be-
tween counterions. This gives the impression of string-like
formations. As mentioned in the introduction, not all pen-
etrable potentials can lead to stacked configurations, where
two or more particles occupy “the same” space. For example,
the Gaussian core model precludes,39, 40 while the penetrable
sphere model favors the stacked configurations.14, 15 Stable
stacked aggregates require that a pair potential be sufficiently
flat. A more rigorous test involves the Fourier transform of
the pair interaction. If U(k) oscillates, and, therefore, involves
negative values, then the stacking takes place under certain
conditions.12 On the other hand, if U(k) is non-negative, stack-
ing does not occur under any conditions. This criterion is ar-
rived at by considering the Ornstein-Zernike relation which,
in the Fourier space, is

h(k) = c(k)
1 − ρc(k)

, (29)

where c(r) and h(r) are the direct and pair correlation func-
tions, respectively. In the mean-field approximation cMF(r)
≈−βU(r) [the exact definition is c(r) = − δ2βFex

δρ(r)δρ(r′) , and in the
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x[nm]
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0.2

0.4

ρ +
[n

m
-3

]

FIG. 8. The coion density profile for R = 0.8 nm obtained from the simula-
tion (symbols) and the FSPB equation (solid line). The remaining parameters
are as in Fig. 7.

MDFT / OZ Equation, c(r —> σ)

Lohe and Donohue, AIChE J. 43, 1997.
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that
!

dr ωi(r − ri) = qi. The charge density operator for N
smeared-out ions is

ρ̂c(r) =
N"

i=1

#
dr′δ(r′ − ri)ωi(r′ − r). (1)

In this work we consider a symmetric electrolyte, q+ = −q−.
The averaged charge density for this system is

ρc(r) =
#

dr′[ρ+(r′)ω+(r′ − r) + ρ−(r′)ω−(r′ − r)], (2)

where ρ+ and ρ− denote the number densities of anions and
cations, respectively. The Poisson equation is

ϵ∇2ψ = −
#

dr′[ρ+(r′)ω+(r′ − r) + ρ−(r′)ω−(r′ − r)],

(3)
where ϵ is the background dielectric constant. To obtain a
closed equation, we need an expression for ρ− and ρ+ in
terms of the mean electrostatic potential ψ . For point charges,
this leads to

ρα(r) = cse
−βqαψ(r), (4)

where the subscript α is either + or −, and cs is the bulk
salt concentration. The number density depends locally on an
electrostatic potential. However, if charge is smeared around
the ion center at r, the entire distribution ω(r′ − r) interacts
with the mean electrostatic potential,

ψα(r) =
#

dr′ψ(r′)ωα(r′ − r), (5)

and the number density becomes

ρα = cse
−β

!
dr′ψ(r′)ωα(r′−r). (6)

We may now write down the mean-field equation for the elec-
trostatic potential produced by smeared-out ions,

−ϵ∇2ψ = cs

#
dr′ω+(r′ − r)e−β

!
dr′′ψ(r′′)ω+(r′′−r′)

+ cs

#
dr′ω−(r′ − r)e−β

!
dr′′ψ(r′′)ω−(r′′−r′). (7)

We refer to this modified Poisson-Boltzmann equation as
the Finite-Spread PB equation (FSPB). The FSPB equation
complements the already quite sizable set of modified PB
equations: the PB that incorporates the excluded volume
interactions,25 the dipolar interactions,26 the nonlinear solvent
contributions,27 and the polarizability of ions.28, 29 The idea
of finitely spread-out ions was considered in Ref. 30 to study
the self energy contributions beyond the mean-field. Mathe-
matically, the FSPB equation has the structure of a convo-
luted equation. Each ion is convoluted according to the weight
function, which determines the composition of a single ion.

Equation (7) can also be obtained by minimizing the
grand potential,

([{ρα}] = 1
2

#
dr

#
dr′ ρc(r)ρc(r′)

4πϵ|r′ − r|

+ kBT
"

α

#
dr ρα(r)[log ρα*3 − 1]

−
"

α

µ

#
dr ρα(r), (8)

where * is the thermal de Broglie wavelength and µ = µ+
= µ− is the chemical potential. The three contributions are
the electrostatic energy, entropy, and we allow the number
density to fluctuate through the contact with a reservoir. The
minimization δ(

δρα
= 0 recovers Eq. (6) and the application of

the Poisson equation yields the FSPB model.

III. VARIOUS DISTRIBUTIONS ω(r)

The concept of charge smearing is not novel to this work,
but it has been evoked many times in the past both as a phys-
ical representation and a mathematical construct. The best
known example (and to our knowledge the earliest) of math-
ematical construct is the calculation of Ewald summation to
treat periodic charges,31 today the most practiced method to
account for contributions due to periodic boundary conditions
of a simulated system,32 where by spreading the charge one
achieves separation of interactions into the short- and long-
range counterpart. Another instance of mathematical conve-
nience is the Onsager smearing optimization to obtain the
variational free energy of the strongly correlated one compo-
nent plasma.33 The idea of charges which at short separations
exhibits soft repulsion and at long separations the Coulomb
interaction appeared in Ref. 34 to represent semi-classical hy-
drogen plasma at high temperature and density, yet no smear-
ing procedure was used to construct this potential. The actual
smearing procedure to represent physical particles was used
to model electrons set in cyclotron motion by a uniform mag-
netic field.35, 36 In soft matter, the smearing out procedure was
used to represent microgels in Ref. 37, and recently to repre-
sent charged polymers.17–19

We consider a few simple, spherically symmetric distri-
butions ω(r) and the interactions that result from these dis-
tributions. A spherically symmetric charge distribution gener-
ates the following electrostatic potential:

ψ(r) = 1
ϵ

$
1
r

# r

0
ds s2ω(s) +

# ∞

r

ds s ω(s)

%

. (9)

To derive the above formula we applied the Gauss law to the
Poisson equation, and afterwards we integrated the resulting
electrostatic field (the integration by parts was evoked). If the
distribution is uniform inside a spherical cavity,

ω(r′ − r) = 3Q

4πR3
θ (R − |r′ − r|), (10)

where θ is the Heaviside function and
!

dr′ω(r′ − r) = Q,
then the potential inside a sphere is

ψ(r ≤ R) = Q

4πϵ

$
3R2 − r2

2R3

%

. (11)

Outside the sphere, the Coulomb potential is recovered. The
interaction between two ions with this charge distribution
is33, 37

U (r ≤ 2R) = Q2

4πϵ

$
192R5 − 80R3r2 + 30R2r3 − r5

160R6

%

.

(12)

Nikoubashman et. al., JCP 137, 2012.
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to be solved numerically. From all the six solutions we 
have to select the physically acceptable, which is positive 
and tends to the Debye inverse length K~ from below for 
infinite dilution 

< 
217 -+ x 0  (2.20) 

The numerical solution can be obtained from either the 
Newton-Raphson formula or even by simple iteration of 
some guessed initial value of r. For 1-1 electrolytes a very 
good initial value is obtained from the inverse screening 
length obtained from the Waisman-Lebowitz solution but 
using the average diameter 
0 = 61/60 

as the hard core diameter. That is, the initial value is 
2r0 = [- 1 + (I t 2 ~ ~ i ~ ) ~ / ~ ]  /ir 

(2.21) 

(2.22) 

- 

to conclude this section we should mention that the 
coefficients QV’ and Q,” are simply related to physically 
interesting quantities. I t  is easy to see from (2.9) that the 
contact value of the pair correlation function is given by 
g{(oj j)  = Q ~ ’ / ( ~ T c J ~ )  (2.23) 
while, differentiating (2.9) twice we also obtain 

Qj”/27r = 1 - $pkJ<.,dr Qhj(r) 

which together with 

(2.24) 
h = l  

where’ (see also ref 2 for notation) 

6, - (pipj)”*~ij(O) = Z:&zik(O)$k(o) (2.26) 

yields the simple formula for the inverse compressibility 
k 

X - l  

(2.27) 

3. Thermodynamic Properties 
One of the convenient features of the MSA is that i t  

gives explicit, yet general relations for the thermodynamic 
properties, such as the osmotic and activity coefficients, 
derived via the internal energy. We recall first that since 
the MSA is not the exact solution of the statistical me- 
chanical problem of the neutral mixture of hard spheres, 
it will be inconsistent, in the sense that the same quantity, 
for example, the pressure, when computed in different 
ways, say, the virial, compressibility, or energy formulas, 
will yield different numerical answers. From past expe- 
rience and comparison to computer experiments it is 
expected that the best results will be those of the internal 
energ path. It has been recently shown by HBye and 
Stell’ that the virial pressure equals the energy pressure 
when the second-order corrections from the graphical 
expansion to the MSA are taken into account. This result, 
general for the MSA, is also the basis for the calculations 
of the thermodynamic properties of this section. 

Let us first recall that the excess internal energy is given 
by’s3 

l 

t 71 + -f2Pn2 
2 A  

where, as in the previous section, e is the electron charge, 
to is the dielectric constant. AE is calculated in (3.1) from 
the MSA pair correlation function using the standard 
formula. To obtain the free energy we notice that the 
thermodynamic relation 
af lAA/afl  = A E  (3.2) 
where AA is the excess free energy, can be integrated, after 
minor changes, to yield‘’ 

1 
- p A A  = -(’/3)flAE + 12n -gpiPjoij[(Qij’)2 191 

(3.3) 

this result is obtained from ref 18 together with eq 2.23 
and 2.25. The superscript zero means that we are taking 
the values for the discharged case. Some algebra shows 
that (3.3), together with (2.11), (2.12), and (2.13) yields the 
surprisingly simple formula 
PAA = PAE + ry3.n (3.4) 
This same relation was obtained recently in an inde- 
pendent investigation by Hiroike.‘ 

Next we compute the excess osmotic coefficient from the 
thermodynamic relation 

1 
- (Qij’”>21 - s F ~ j [ ( Q l ” ) 2  - (Qlor’)*1 

(3.5) 

where AI’ is the excess pressure, and /3 is the Boltzmann 
thermal factor ( l /kBT).  For this quantity we have from 
ref 18 

which, after some algebra, leads to 

(3.7) 

Finally, we get the activity coefficient from the thermo- 
dynamic formula 

A A  
6 0  

p- = - A $  + A I n y +  - (3.8) 

and the previous results (3.4) and (3.7). The activity 
coefficient is then 

(3.9) 

where AI3 is given by (3.1). 
We observe that all of the above expressions for the 

excess thermodynamic properties in the MSA consist of 
the sum of two terms, one of which is exactly of the 
Debye-Huckel form, but with 2 r  as the shielding pa- 
rameter, while the other contains the parameter p,, defined 
by eq 2.14. For low numerical densities (still a respectable 
1 N of a 1-1 electrolyte) this parameter is quite small and 
can be neglected. In this case, we obtain 
A @  = -r3/3nfo (3.10) 

C? r p i ~ i 2  A l n y k  =- -  2 4nf0 i 1 + ro i  (3.11) 

Both of these relations were derived previously from 
approximate relations that neglected P, from the start.334 
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collaborators’’ has shown that the HNC12 equation is a 
very succesful one, since it does represent the results of 
computer experiments and real systems quite well. 
However it is not an easy theory to work with, and the 
calculations represent a substantial programming job. This 
explains why there is still so much interest in the improved 
versions of the Debye theory, which combines intuitive 
interpretation with simplicity in the calculation. We 
should mention in this connection the recent work of 
Olivares and McQuarrie,13 Outhwaite,14 and Pitzer15 in 
which different but ad hoc modifications of this theory are 
presented. However in the Debye theory, the ions of the 
ionic cloud are point charges, and this makes the theory 
inconsistent from the statistical point of view. Even worse, 
the thermodynamic limit does not exist for a system of 
point charges, without repulsion core. We believe that the 
new results presented here show that the MSA is the 
Debye-Huckel theory with the correct treatment of the 
exclusion core, not only by its formulation (Percus’), but 
also since it has a similar structure, that is the equations 
are formally the same, with the only difference that the 
ionic cloud is not calculated for point objects, but rather 
finite size charges. So we believe that the MSA represents 
the “middle of the road” alternative, and has simplicity 
and intuitive appeal, if perhaps not as accurate as the 
HNC. 

A short summary of the pertinent results of ref 2 are 
given in the next section, where we also discuss convenient 
ways to calculate the parameter r. In section 3 we give 
the main results of this work: quite simple formulas for 
the thermodynamic properties for arbitrary mixtures of 
hard ions in the MSA. Section 4 is devoted to the dis- 
cussion of the pair correlation function. For the restricted 
primitive model, Hirata and Arakawa16 obtained the 
Laplace transform of this function and also a series for the 
function itself. We will get the general form of the Laplace 
transform of the pair correlation function for the arbitrary 
ionic mixture. This function is shown to be symmetric in 
a nontrivial calculation. Furthermore for the restricted 
primitive model the expression is in agreement with the 
previous work. In the low concentration regime, much of 
the complicated charge-hard core cross contribution 
vanishes and one recovers a simple formula which again 
has two terms: a hard core term, which is the Percus- 
Yevick pair correlation function for hard spheres, and a 
purely ionic term, which on Laplace inversion will yield 
the charge oscillation predicted by Stillinger and Lovett. 
For dilute solutions we give a more convenient expansion 
that starts with 

which again is of the Debye-Huckel form, with 2 r  as the 
shielding parameter. This result lends support to the 
interpretation of 2 r  as the shielding parameter in the 
calculation of the thermodynamic properties. 
2. Summary of Previous Results 

We will represent the actual electrolytic solution (or 
molten salt) by the primitive model, which consists of a 
mixture of charged hard spheres of species 1, . . i, . ., n, 
with number density pL, diameter uc, and charge (actually 
electrovalence) 2,. The mixture is embedded in a con- 
tinuum of dielectric constant to, and is electroneutral. In 
other words we require that 

i pizj = 0 (2.1) 
i =1 

We recall, furthermore, the MSA boundary conditions for 

the pair correlation function 
h,(r) = gij(r)  - 1 (2.2) 

h,(r) = -1 (2.3) 
The hard core exclusion requires that for r I uLj 

while for the direct correlation function the MSA condition 
is 
cij(r) = -puij(r) (2.4) 
for r > uLj here 
uij = (1/2)(Ui + U j )  

is the distance of closest approach. Furthermore, the 
electrostatic potential is 
uij(r) = e 2 ~ i ~ j / ~ 0 r  (2.6) 

The solution of the Ornstein-Zernike equation of ref 2 
was given in terms of the factor correlation function17 
matrix Q(r ) .  For the general ionic mixture in the MSA 
has the following form 
Qi j ( r )  = lim{(r - uii)Qij’+ (1/2)(r - uij)2Qj” -ziuje-ctr} 

P+ 0 

Xi i  < r < uii (2.7) 
~ r > 0,; X j i  = ( 1 / 2 ) ( ~ j  - uZ) 

(2.8) 
where Qcl’, Q,”, and a, are numeric coefficients that were 
found by solving a set of algebraic equations derived from 
the conditions (2.3) and (2.4); and also by considering the 
integral equation that defines the pair correlation function 
in terms of the matrix elements of Q,(r) 
Jii(r) = Qij(r) f k z p k s ”  hjk dr ,  J i k ( l r  - l-1 I ) Q k j ( r l )  (2.9) 

Qij(r) = lim(-ziuje-~‘} 
ct+O 

where 
Jij(r)  = 2n4”drl r lh i i ( r l )  (2.10) 

The coefficients of the factor correlation function are found 
to be 

71 2r2 9.: = - u j j  + -uiuj(2> - -puiuj 
“ A  ”( 4A 

2n 
Qj”= ,[1 + (2~j(n/2A) + (1/2)ajPn] 

2A 
(Y2 

2r(1 + roj) a.  = 

(2.11) 

(2.12) 

(2.13) 

(2.17) 
(2.18) 

finally the parameter I? is determined by solving the al- 
gebraic equation3 

the degree of this equation depends on the number of ions 
involved: for a binary salt it is of the 6th degree and has 
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hoc term to the assumed direct correlation functions and adjusting it to gain consistency with
various sum rules; this generalized MSA, or GMSA, yields non-trivial density correlations,
including a diverging correlation length at the MSA critical point [7].

However, it fails badly at low densities [8]-[10] and, as explained elsewhere [3], [8], [11],
the MSA (and GMSA) appears to be inferior to DH-based theories for describing the critical
region. Hence, we have sought to remedy the deficiencies of the DH correlation functions
as well and, specifically, to do so in a more natural way. By following the spirit of the
DH approximation, we extended the theory to the case of non-uniform, slowly varying ionic
densities, ⇢±(r), thus enabling derivation of a Helmholtz free-energy functional [8], [10]. Ion
correlations may then be obtained by functional di↵erentiation techniques. This generalized
Debye-Hückel (GDH) theory was applied to the calculation of GNN (r), and provided not only
the expected critical divergence of the second-moment density correlation length, ⇠, but also
the surprising, universal and exact divergence of ⇠ in the low-density limit [8], [12] (where the
GMSA fails by predicting a finite, non-universal value [9]). This testament to the physical
validity of the GDH approach motivated the calculation of the charge-charge correlations
via GDH theory that is reported here.

We find an expression for GZZ(r) ⌘ h [⇢+(r) � ⇢�(r)] [⇢+(0) � ⇢�(0)] i which in the low-
density limit approaches the conventional and exact DH result, but which also explicitly satis-
fies the Stillinger-Lovett second-moment condition. Furthermore, it exhibits charge oscillations
for densities above a “Kirkwood line” in the density-temperature plane [7]. More concretely, we
find for the RPM (equisized hard-spheres with diameters a, charges ±q0, and solvent dielectric
constant D) the closed-form, Fourier transform expression for the charge-charge correlation
function

ĜZZ(k; ⇢N , T ) = ⇢Nk
2/[2D + k2 + a�2g0(Da, ka)] , (1)

where ⇢N = ⇢+ + ⇢� is the total ion density, while the Debye parameter is given, as usual, by
2D = 4⇡q20⇢N/DkBT , and

g0(x, q) = x2(cos q � 1)� [2 ln(1 + x)� 2x+ x2](cos q � sin q/q) . (2)

Expansion in powers of k yields ĜZZ(k; ⇢N , T ) = (DkBT/4⇡q20) k
2+O(k4), which demonstrates

satisfaction of both the Stillinger-Lovett second-moment condition [4],
Z

dr r2GZZ(r) = �6⇢N/
2
D , (3)

and the “zeroth-moment” or charge-neutrality condition [2b], [4],
Z

drGZZ(r) = 0 )
Z

|r|>a
drGZZ(r) = �⇢N , (4)

for all ⇢N and T . In the low-density limit (1) becomes ĜZZ(k) ⇡ ⇢Nk2/(2D + k2), the
exact, universal limiting behavior. By analyzing the poles of (1) we may obtain the predicted
large-distance behavior of GZZ(r; ⇢N , T ): from that we find that simple exponential decay
persists only up to x ⌘ Da = xK; for x > xK the decay is oscillatory. Numerically we obtain
the “Kirkwood value”

xK ' 1.17832 , (5)

which lies in the usually expected range [4]-[7].
Before presenting the GDH calculation, we summarize briefly the conventional DH correla-

tion functions for comparison. Debye-Hückel theory provides an approximate result for ��(r),

Lee and Fisher, EPL 39, 1997.
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in which ��(r; r0) is the potential at r due to both the fixed charge at r0 and the induced charge
distribution [8], [10]. (Compare with (6) above, et seq.) To calculate ��(r; r0), we begin with
the exact inhomogeneous version of the statistical Poisson’s equation [10],

r2r��(r; r
0) = �(4⇡/D)

X

⌧

q⌧⇢⌧ (r)g⌧�(r; r
0) . (12)

The DH approximation is to replace the g⌧� with Boltzmann factors which depend on the
potential. However, it is crucial to note that the varying ionic charge densities carry along an
imposed overall electrostatic potential �(r), determined simply by

r2�(r) = �4⇡q0⇢Z(r)/D ⌘ �(4⇡/D)
X

⌧

q⌧⇢⌧ (r) , (13)

with appropriate boundary conditions. This is independent of the fixed charge of type � at r0,
and therefore should not contribute to the Boltzmann factor for g⌧�. Hence, we take

g⌧�(r; r
0) ' exp[��q⌧ e��(r; r0)], |r� r0| > a , (14)

in the spirit of DH, with the “local induced potential”

e��(r; r0) ⌘ ��(r; r0)� �(r) , (15)

and, as before, g⌧� = 0 for |r � r0| < a. The need for the separation of ��(r; r0) into a

background �(r) and an induced piece e��(r; r0) is clear in the limit |r � r0| ! 1, in which
ln[g⌧�(r; r0)] must vanish while ��(r; r0)! �(r) [14].

Next one inserts (14) into (12) and makes the second approximation of the DH procedure,
namely linearization. This results in the full GDH equation

r2r e��(r; r0) = �(4⇡/D)
⇥
q��(r� r

0)� q0⇢Z(r)
⇤
, |r� r0|  a ,

r2r e��(r; r0) = ̃2D(r)e��(r; r0), |r� r0| � a , (16)

where the spatially varying Debye parameter [6], [8], [10] is defined by ̃2D(r) ⌘ (4⇡�/D)
P
⌧ q
2
⌧

⇢⌧ (r). The second term on the right-hand side for |r� r0|  a, i.e. inside the hard sphere, is
needed to cancel the background charge density ⇢Z(r) there; it represents an e↵ective “cavity
source” term.

To obtain GZZ for the RPM we choose the spatially varying densities (8), for which ̃2D(r)
reduces simply to 2D. The resulting GDH equation (16) can be solved readily by Green’s func-
tion methods [8], [10]. Integrating the self-potential  �(r0) against the density and charging
according to (10) gives the free energy to order �2, from which our main result (1) follows by
use of (9). Note that the q��(r� r0) source does not contribute directly to the charge-charge
correlation function in the simple case of the RPM; rather it is the cavity term and �(r) that
serve to determine GZZ .

To elucidate the long-distance behavior of GZZ(r), we solve for the pole, k0, of ĜZZ(k) that
lies closest to the origin in the complex k plane. The real and imaginary parts of k0 plotted in
fig. 1 were found by solving the coupled equations Re[Ĝ�1ZZ(k0)]=Im[Ĝ�1ZZ(k0)]=0 numerically,
using the Newton-Raphson method. When this pole is purely imaginary, corresponding to the
leftmost part of curve (a) in fig. 1, GZZ decays monotonically as e�r/⇠Z/r, where the screening
length is ⇠Z = 1/Im(k0). In the low-density limit one finds ⇠�1Z = D[1+ 1

4x
2� 19x

3+ 19
96x

4+. . .]
so that ⇠Z approaches the Debye value ⇠D ⌘ 1/D: see the line (c). As D and ⇢N/T
increase, the pole k0 and a nearby, purely imaginary pole k1, curve (d), approach: at the
Kirkwood value, Da = xK (see (5)), they merge, with a/⇠Z = 2.2660, and for larger D

Here’s an example - and the heart of this talk really.  The “primitive model” of electrolytes is essentially a hard-sphere model for ions with a perturbative correction 
calculated in the usual virial way.  On the opposite side, the URPM has no hard centers at all.  It was shown to predict one of the most counterintuitive properties of 
strong electrolytes - counterion condensation near a charged wall.  We haven’t tested a perturbative correction for it, but Lee and Fisher have shown that zeroing out the 
ion density in a radius ‘a’ gives some nice results for phase diagrams.



❖ Working models compare well with experiment
❖ high-dens. corrections to
❖ insulator/conductor phase trs.

❖ All are missing a systematic method for improvement
❖ All assume known, constant dielectric:

Maribo-Morgenson et. al., Ind. and Chem. Eng. Res., 51, 2012. 
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TABLE 1 

Hard sphere diameters for the water molecule and the ionic species determined by least-squares 
fit to experimental data on NaCl and NaBr aqueous electrolyte solutions 

Species 

Hz0 2.5868 2.0502 
Nat 1.90 2.9631 
Cl- 3.60 3.3802 
BI- 3.90 3.9971 

a Only water diameter fitted; 
h all diameters fitted. 

from 25 o to 85 O C. The resulting water molecule diameter is given in Table 
1, along with the Pauling radii for the ions, Using these values, the osmotic 
coefficient, mean ionic activity and solvent activity were calculated and are 
displayed in Figs. l-3 for NaCl at one bar. Comparison between the 
predicted and experimental quantities is evidently quite good at atmospheric 
pressure; although results are not given here, the quality of the theoretical 
predictions decreases with increasing pressure. 

The second approach adopted is to consider the diameters of the ions as 
well as the water molecule to be adjustable. Using the experimental data at 1 

020, , , I , I , I , I , I [ 

/ 
- H,O-NoCI at 25’C and Ibor 

0.10 - 

Fig. 1. The log of the mean activity coefficient as a function of salt mole fraction for an 
aqueous solution of NaCl at 25 ’ C and 1 bar. The circles represent the experimental data (see 
Analysis section of text); the dashed curve shows the theoretical results obtained when only 
the water diameter is fitted to the experimental data while the solid curve is obtained by 
fitting the ionic diameters as well (see Results section and Table 1). The results shown for 
NaCl-H,O in Figs. l-3 range from infinite dilution to 25% NaCl by weight (which is close to 
saturation for this solution). 

Perry, Massey, Cummings Fl. Phase Equ. 39, 1988.

presents the influence on the Helmholtz energy and its first
order derivatives.
Comparison of Screening Length. A comparison of

eq 15 to eq 25 shows that the screening length in the Debye−
Hückel theory is independent of diameter, while this is not true
for MSA. Figure 4 compares the screening length of MSA and
Debye−Hückel at 25 °C.
As shown in Figure 4 the Debye−Hückel theory predicts

an unphysical behavior where increasing the ion size does
not increase the screening length. The difference between the
screening length in MSA and Debye−Hückel depends on the
molality and the ion diameter.
When the volume and static permittivity are kept constant,

the screening length of the Debye−Hückel and MSA display a
linear dependence on temperature, that is, the higher the
temperature is, the higher is the screening length. The
temperature dependence of the screening length at 3 m and
constant volume is shown in Figure 5:
Figure 5 shows that the screening lengths of the two models

display a similar and weak temperature dependence.
The volume does change in the presence of electrolytes,

while this effect was not included in either Figure 4 or Figure 5,
as the comparisons were carried out at constant volume, and

not constant pressure. Figure 6 illustrates the influence of
volume on the screening length:

Figure 6 illustrates that the screening length is proportional
to the volume, but also that the volume dependence of the
screening lengths in the two models is rather weak. Figure 7
illustrates the influence of the relative static permittivity on the
screening length.
Figure 7 shows that both models show similar dependence of

the screening length on the relative static permittivity. A decrease

Figure 3. Effect of salt concentration on relative static permittivity of
NaCl and MgCl2 using eq 44. Experimental data indicated by the filled
circle (●) is taken from the collections of Akhadov36 and Barthel et al.37

Figure 4. Comparison of screening length at 25 °C, a 2.8 L volume, and constant relative static permittivity εr = 78.

Figure 5. Comparison of the temperature-dependence of the
screening lengths calculated with MSA (solid) and Debye−Hückel
(dashed) for NaCl (black) and MgCl2 (gray) at 25 °C, 3 m, and 1.2 L
volume with relative static permittivity εr = 78.

Figure 6. Comparison of volume-dependence of the screening length
calculated by MSA (solid) and Debye−Hückel (dashed) for NaCl
(black) and MgCl2 (gray) at 25 °C, 3 m, and relative static permittivity
εr = 78.
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This is how you get phase diagram information from these models.  You calculate free energies as functions of concentration and temperature.  Traditionally, you re-scale 
radii until it matches experiment.  Partial success here sets the bar high for new theories.
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Fig. 31. Coexistence curves (and critical parameters) for the restricted primitive model. Computer simulation by: 
(a) Vorontsov-Veliamianov et al. (1970, 1976) (c) Valleau (1991); (d) Panagiotopoulos (1992). Theories: (b) Stell et al. 
(1976); (e) pure DH estimate Plot (f) (Friedman and Larsen, 1979). Curves connecting data points in case (c) and (d) are 
guides to the eye. The sloping box probably contains the critical point. The square box delimits the range of critical 
parameters according to some recent simulations, with the cross inside corresponding to the Orkoulas and 
Panagiotopoulos (1994) estimate (from Fisher, 1994; Fisher and Levin, 1996). 

been debated (see the recent and extensive reviews on criticality in coulombic fluids by Fisher, 1994; 
Stell, 1995). 

The system is usually studied in a configuration in which only two ionic species, bearing equal 
and opposite charges q1 = Ze and q2 = -Ze, and having number densities p1 = p2 = p/2, respec- 
tively, are present. The dimensionless temperature T * = (k,T)/(e2/w) and density p* = pc3 are 
used to characterize the system. 

Computer simulation studies have established the presence of a low-density-low-temperature 
critical point in this system (Vorontsov-Velimianov et al., 1970; Chasovshikh et al., 1973; 
Chasovshikh and Vorontsov-Velimianov, 1976; Valleau, 1991; Panagiotopoulos, 1992; Caillol, 1993, 
1994; Orkoulas and Panagiotopoulos, 1994; Caillol and Weis, 1995). An empirical equation of state 
parametrizing MC calculations was also obtained some time ago (Larsen, 1976). The estimates of the 
critical parameters obtained by various authors are by no means univocal, and in some case are 
substantially biased by the specific simulation technique adopted (Fisher, 1994) (see Fig. 31). 
Nonetheless, as it also appears from Table 9, there is a substantial agreement between GEMC 
simulation predictions (Panagiotopoulos, 1992) and free energy calculations (Caillol and Weis, 1995); 
the corresponding estimates of critical parameters can then be considered reliable (see below). 
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a b

c d

Figure 2. (Color online) Density profiles for divalent ions (Z± = ±2), relative
permittivity εr = 78.5, and salt concentration ρsalt = 0.5 mol L−1. (a) Surface

charge density ΣS = 0.2 C m−2 and ion diameter σ = 2.55
◦

A (T ∗ = 0.09). (b)

ΣS = 0.6 C m−2 and σ = 2.55
◦

A (T ∗ = 0.09). (c) ΣS = 0.2 C m−2 and σ =

4.54
◦

A (T ∗ = 0.16). (d) ΣS = 0.2 C m−2 and σ = 2.27
◦

A (T ∗ = 0.08). Solid
lines and + indicate counterion profiles, while dashed lines and × correspond
to co-ions. DFT-MSA (blue) is compared to Poisson–Boltzmann (black) and
Monte Carlo (symbols) results.

near the center. This behavior is likely due to an incipient phase transition as we approach
the critical point. This aspect is further examined in Sect. 5.

4.2. Divalent ions: pressure. We now turn to the study of the pressure. The pressure
from MC calculations is evaluated as described in Sect. 3.2. The pressure from DFT-MSA

[2+] = [-2] = 0.5 mol/L
s = -2 C/m2
d = 2.27 Ang

T* = 0.08

Joubaud, PRE 89, 2014.

Nevertheless, Joubaud showed that simply adjusting radii does not actually resolve the issue, since neither the MSA (SR-first) nor the Poisson-Boltzmann (LR-first) theory 
can match Monte Carlo results for counterion condensation.  They can, however, roughly pinpoint a low-density KT-phase transition for bulk electrolytes.
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Fig. 1. Bulk SPC/E water at 300 K and 0.998 g/cm3. (A) Diagram of SPC/E
model of water. Point charges are assigned to each atomic site and a Lennard–
Jones potential is centered about the oxygen with core diameter σLJ indicated
by dashed lines. (B) Various site–site pair correlation functions in bulk SPC/E
water are each displaced vertically by 0.5 for clarity. Gaussian-truncated (GT)
water using v0(r) with σ = 0.40 nm agrees well with a full treatment of elec-
trostatics. (C) Deviations δgOO, defined as the difference between g(r) for GT
water and g(r) using full electrostatics. Simulation error bars are also shown.

Thus, v1(r) is slowly varying in r-space over the smoothing length
σ and is simultaneously localized to small wave vectors in reci-
procal space, as can be seen from its Fourier transform v̂1(k) =
4πk−2 exp[−(kσ )2/4].

Hence, v0(r) ≡ 1/r − v1(r) is the screened potential resulting
from a point charge surrounded by a neutralizing Gaussian charge
distribution whose width σ also sets the scale for the smooth trun-
cation of v0. For small r < σ , the force due to v0(r) approaches that
of the bare point charge. By increasing σ we increase the effective
range of essentially unscreened Coulomb interactions included
in v0(r).

LMF theory introduces a general mapping from the original
system with full Coulomb interactions and an applied electrosta-
tic potential V(r) arising from fixed charges or an applied electric
field to a well-chosen “mimic system” with Coulomb interactions
replaced by the short-ranged v0(r):

!
1/r
V(r)

"
LMF−−→

!
v0(r)
VR(r)

"
. [3]

Here, VR(r) is a restructured electrostatic potential in the mimic
system that accounts for the averaged effects of the neglected
long-ranged forces represented by v1(r), in essence by solving a
modified Poisson’s equation as explained in a later section.

In this article, we simulate the SPC/E model of water as shown
in Fig. 1A. All data are results from molecular dynamics sim-
ulations as described in Methods. The point charges in SPC/E
water play a dual role, generating both strong short-ranged forces
that lead to the local hydrogen-bond network and the longer-
ranged dipole–dipole interactions. Neither the point charges nor
the Lennard–Jones (LJ) potential describing the molecular cores
are perfect representations of actual water interactions, but adjust-
ing the constants makes the total potential quite reasonable for
temperatures and densities of interest.

Because the charges generating the local hydrogen-bonding
network in water are very strongly coupled, a reasonable first
approximation is simply to replace all point–charge interactions by
the truncated v0(r) without employing a VR. LMF theory suggests
that Coulomb interactions are best truncated on a site–site basis,
because it is the basic 1/r potential that we attenuate about each

site. Such a site–site scheme has been implemented in other spher-
ical truncations of 1/r interactions as well (10). When the v0(r)
truncations are made, we have Gaussian-truncated (GT) water.

Crucial to the success of the Gaussian-truncation scheme is the
choice of a σ that will be large enough to accurately describe the
nearest-neighbor hydrogen bonds. By using a σ of 0.4 nm or larger,
GT water can give a remarkably accurate description of all O and
H pair correlation functions in bulk water, as shown in Fig. 1B.
The difference between gOO from a full electrostatic treatment
(indicated by the labels “Full” in the figures) and gOO from GT
water is shown in Fig. 1C to emphasize the good agreement. We
expect that certain earlier truncation schemes (10) with very slowly
varying v1(r) could give comparably accurate results.

The local hydrogen-bond network is often viewed as the
most important qualitative feature of water (24), and GT water
captures that feature with a very good description of nearest-
neighbor hydrogen-bond energetics and local tetrahedral order,
while ignoring the longer-ranged electrostatic effects of the bound
charges. As argued elsewhere (Z. Hu, J.M.R., and J.D.W., unpub-
lished data), the accuracy of GT water in bulk arises from a strong
cancellation of the long-ranged electrostatic forces exerted by
surrounding molecules in the uniform bulk on any given mole-
cular site. These site-based spherical truncations can also yield
highly accurate angular correlation functions, a property that is
missed with molecule-based truncations that do not neglect only
slowly varying forces (8). LMF theory also suggests simple analytic
corrections to the energy and pressure such that the thermody-
namics of bulk GT water are accurate as well (J.M.R. and J.D.W.,
unpublished data).

LMF-Corrected GT Water in an Applied Field
Following previous work (25, 26), we confine SPC/E water between
smoothed hydrophobic LJ walls and apply a constant electric field
E0 normal to the walls, as sketched in Fig 2A. The confined water
should behave like a dielectric slab from introductory electrosta-
tics, resulting in a polarization field Epol opposing the applied

Fig. 2. Model hydrophobic wall confinement of SPC/E water with an applied
field. GT water with σ = 0.6 nm fails whereas treatment with full LMF theory
succeeds. (A) The simulation system and nearest images in the y direction
confined by the Lennard–Jones wall potential. (B) The oxygen density profile
relative to the bulk density. (C) The charge density profile. Density profiles are
only shown for z < −1.0 nm for greater clarity of the atomic level behavior,
though these densities are strictly asymmetric about the origin.

Rodgers and Weeks PNAS December 9 , 2008 vol. 105 no. 49 19137

Matyushov, JCP 140, 2014.

Rodgers and Weeks, PNAS 105, 2008.

Dielectrics vs. Density Response

Kramer, Gedeck, and Meuwly, JCC 33, 2012.
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That brings us to our third debate, which turns out not to be a real debate.  On the left is an illustration of the classic problem of dielectric models - determining a dividing 
surface between vacuum and polarizable continuum.  On the right is a direct calculation of water polarization response to an applied field.  The fact that we can compute 
these response functions, and that they are response functions either way, kind of makes the point moot.  Dielectric models are linear density response.
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FIG. 2. CS data for eskd due to Eq. (5) together with the
values determined from neutron diffraction data [12]. For
k ≠ 0 the value of the macroscopic dielectric constant, e ¯ 77,
is added (arrow) [17] obtained in a CS for the CF model of
water [18] using the Kirkwood equation.

from the direct k-space results, Eq. (5), due to the limited
information on the long range behavior of gijsrd, while at
larger k the difference becomes negligible (see Fig. 1).
Comparison with experimental values in the small k
region is also a problem due to insufficient precision of
the measurements of hijskd, which leads to an unstable
scatter of eskd. Because of the 1yk2 dependence of Sskd,
this region is extremely sensitive to small variations of
hijskd, which must be proportional to k2 in order to cancel
the singularity at k ≠ 0 (cf. Ref. [7]).
(ii) The “intermediate k range” where eskd is negative,

spreads from k1 to k2 ¯ 12.5 Å21, the second divergence

FIG. 3. Response function xskd; symbols and lines are as in
Fig. 2. The inset shows the intramolecular sxsmdd and inter-
molecular sxsddd contributions. Solid line: analytical calculation
of the intramolecular part via Eq. (2).

point. In this region the correspondence between the two
simulation results [Eqs. (4) and (5)] and the experimental
values is excellent.
(iii) The “high k regime” with eskd . 0, monotonously

decreasing to the high frequency limit esk ! `d ≠ 1
[8]. The decrease is ~k22 because at these very high
k values Ssddskd vanishes together with all terms in Ssmdskd
other than the constant self-terms.
Subject to the constitutive relation between the induction

and electric field, Dskd ≠ eskdEskd, our result on eskd
implies that the Fourier components of the electric field
vanish at the two divergence points, k1 and k2; in between
they have a sign opposite to induction (overscreening
effect). Consequently, in r space this results in oscillations
around 0 of the electrostatic potential produced by an ion
[5,19].
In order to understand the overscreening effect we fo-

cus on the k dependence of the response function xskd ≠
2rskdyreskd ≠ 1 2 1yeskd. In the macroscopic limit
sk ≠ 0d the absolute value of the ratio of the bound
charge density r to the external charge density re must
be ,1. Figure 3 shows a pronounced peak with xskd ¿
1 at kp ¯ 3 Å21 and a satellite maximum at k ¯ 5 Å21

(the interval fk1, k2g where xskd . 1 corresponds to the
negative region of eskd).
Why is the response .1 for a certain k region? An

overresponse fxskd . 1g in Fourier space means that the
wavelength l ≠ 2pyk is commensurate with a damped
(distorted, short range) periodicity in the structure of the
medium, leading to a kind of a resonance between the
Fourier components of the external field and the bound
charge density. This happens at the cost of underresponse
of some other Fourier components [for which es0d .
eskd . 1] so that the absolute value of the overall bound
charge is jqj ≠ s1 2 1yedjqej , jqej. The wavelength
corresponding to the first maximum lp ≠ 2pykp ¯ 2 Å
is close to the length of the hydrogen bond, H—O. . .H.
One could then speculate that the pronounced maximum
in the response function is due to the structure formed by
the hydrogen bond network. However, similar maxima
are found for models of simple dipolar and low polar flu-
ids [20]; point dipole models also show this behavior [5].
In our CS kp also determines the highest (second) maxi-
mum of the hOOskd function [see Fig. 1(c)]. It is not clear
why 2 Å figures as a characteristic periodicity unit in the
dielectric response of water. (Why not, e.g., the diame-
ter of a water molecule, ¯2.85 Å?) The infrastructure of
xskd is shown in the inset of Fig. 3. It demonstrates that
the maximum is predominantly determined by the inter-
molecular contribution. The behavior at small k is a result
of strong compensation of large negative (intermolecular)
and positive (intramolecular) contributions, which makes
it so sensitive to the details of the model and the accuracy
of calculation.
In conclusion, we mention that the comparison of

results of CS and experimental data, based on neutron
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medium, leading to a kind of a resonance between the
Fourier components of the external field and the bound
charge density. This happens at the cost of underresponse
of some other Fourier components [for which es0d .
eskd . 1] so that the absolute value of the overall bound
charge is jqj ≠ s1 2 1yedjqej , jqej. The wavelength
corresponding to the first maximum lp ≠ 2pykp ¯ 2 Å
is close to the length of the hydrogen bond, H—O. . .H.
One could then speculate that the pronounced maximum
in the response function is due to the structure formed by
the hydrogen bond network. However, similar maxima
are found for models of simple dipolar and low polar flu-
ids [20]; point dipole models also show this behavior [5].
In our CS kp also determines the highest (second) maxi-
mum of the hOOskd function [see Fig. 1(c)]. It is not clear
why 2 Å figures as a characteristic periodicity unit in the
dielectric response of water. (Why not, e.g., the diame-
ter of a water molecule, ¯2.85 Å?) The infrastructure of
xskd is shown in the inset of Fig. 3. It demonstrates that
the maximum is predominantly determined by the inter-
molecular contribution. The behavior at small k is a result
of strong compensation of large negative (intermolecular)
and positive (intramolecular) contributions, which makes
it so sensitive to the details of the model and the accuracy
of calculation.
In conclusion, we mention that the comparison of

results of CS and experimental data, based on neutron
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(29) and (30). In figure  1 are displayed the susceptibilities 
( ) ( ) ( )χ χ χk k k, ,n L T  computed from the total correlation func-

tions as in equations  (23)–(25). The latter functions were 
obtained by performing MD simulations of the pure solvent 
model at 300 K. The corresponding direct correlation func-
tions are plotted in figure 2.

A molecular solute embedded in the solvent will create an 
external potential which can be written as

( ) ( ) ( )µ= Φ − ⋅V r u r E r u, n qext (31)

with
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( ) ( )= −∇ΦE r rq q (33)

( ) ∑π
Φ =

| − |=ε
Q

r
r r

1
4

.q
j

M
j

j0 1
 (34)

The solute is here described by M atomic sites j, located at 
rj, with Lennard–Jones parameters σ ε,sj sj (using Lorentz–
Berthelot mixing rules with respect to solvent LJ parameters), 
and point charges Qj. As for the excess functional, the external 
functional can thus be written be written as a functional of ( )n r  
and ( )P r .
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4
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1
4

dn q P
0

 (36)

This is also the case for the ideal functional [52, 54]
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 (37)
In the second, polarization term, L designates the Langevin 
function and −L 1 its inverse; ( )P r  is the modulus of the polar-
ization vector ( )P r . The expansion of those two terms yields at 
leading, quadratic order
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 (38)

In the second, polarization term one can recognize 
α µ= k T/3d

2
B , the equivalent polarizability of a dipole µ at 

temperature T. One can thus interpret this term as either a 
rotational entropic term, or the polarization free-energy in a 
medium with local electric susceptibility ( )χ α= nre d 0.

The previous equations for dipolar fluids give some insight 
on how the functional can be interpreted and eventually gen-
eralized to multipolar rather than dipolar fluids. It is useful 
to notice in particular that the excess free-energy in equa-
tions (29) and (30) can be written as

[ ] [ ] [ ]= −F F Fn n nP P P, , ,q q
exc id (39)

where [ ]F n P,q  is an exact quadratic expansion of the free-
energy functional around the homogenous density πn /40 ; it 
involves by definition the inverse of susceptibilities. The sus-
ceptibilities are thus the measurable quantities to be injected 
in the theory. [ ]F n P,q

id  as it stands is the exact leading order in 
the expansion of the ideal free-energy, involving both a trans-
lational and rotational entropy. This is indeed a very classical 

Figure 2. Direct correlation functions for the Stockmayer model described in the text, computed from the susceptibilities by inversion of 
the OZ equation, in conformity with equation (27).
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with ( )βµ µ µ= =εy n /9 /32
0 0 0

2, a reference dipole being 
defined by ( )µ β= ε n/0 0 0

1/2. hL(k) and hT(k) are defined as in 
equation (22), and the coupled density–polarization suscepti-
bility is equal to

( ) ( )χ =k y h k .nL
101 (26)

Using e.g. the χ-transform procedure [14, 20], the OZ equa-
tion (5) can be inverted to give
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(28)

The excess free energy including all the density and polariza-
tion terms can thus be written in k-space
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(29)

which, using the polarization charge density, can also be 
written as
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(30)

One recognizes in the charge density-charge density inter-
action the usual Coulombic interaction π k4 / 2 damped by 
the inverse susceptibility ( )χ− kL

1 ; this converts in r-space to 
an effective Coulombic interaction ( ( ))rS r1/ , defined as the 
inverse Fourier transform of ( )πχ− k k4 /L

1 2.

3.2. The Stockmayer solvent

From this general functional at dipolar order, we now restrict 
ourselves to the functional of the simplest conceivable model 
of dipolar solvent, the Stockmayer model. It is characterized 
by a single Lennard–Jones center with parameters σ ε,s s and 
a dipole µ µ= us , where u is the unitary orientation vector 
of the molecule. In passing, the parameters are selected to 
make the model look like water (similar density, n0  =  0.033 
particles/Å

3
, particle size, σ = 3s  Å, and molecular dipole, 

p  =  1.85 D) although not tasting quite as water (no hydrogen 
bond in the model!) [52]. The dielectric constant can be esti-
mated to be !ε 140 instead of 80. For such purely dipolar 
model, the charge-coupling term in the functional is irrele-
vant (χ ≡ 0nL  in equation  (27)) and the density–polarization 
(or density–charge) couplings are absent in equations  (20), 

Figure 1. Susceptibilities ( )χγ k  with γ = n L T, ,  for the Stockmayer model described in the text, computed from the total correlation 
functions as in equation (23). The self and distinct contributions are plotted in dashed lines (blue and red curves, respectively). The latter 
functions were obtained from MD simulations.
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This is hammered home by the dielectric response measurement of the dipole-dipole correlation function (top-right).  The inter-molecular response curve matches very 
closely to the same calculation done later on the top-left (center panel).  The top-right and bottom-right pictures show the same information, but the dielectric is just a 
poorly behaved function.  The full set of density response functions (left sides) are nice, and can always be inverted (bottom-left).  Finally, the circled peak gives us the 
clue we need to resolve continuous vs. discrete and SR vs. LR!  In a continuum, there’s no peak - it’s a flat line.  The peak width gives a physical, dividing size scale.
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B)

Rogers, arXiv 1712.09427

To exploit this, let’s build a rigorous expression for the solvation free energy by doing a SR, cavity step and a LR, perturbative step.  That’s option (A).  Of course the other 
order of those two is option (B).
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By splitting the Coulomb interaction into long-range and short-range components, we decompose the energy
of a quantum electronic system into long-range and short-range contributions. We show that the long-range part
of the energy can be efficiently calculated by traditional wave function methods, while the short-range part can
be handled by a density functional. The analysis of this functional with respect to the range of the associated
interaction reveals that, in the limit of a very short-range interaction, the short-range exchange-correlation
energy can be expressed as a simple local functional of the on-top pair density and its first derivatives. This
provides an explanation for the accuracy of the local density approximation (LDA) for the short-range func-
tional. Moreover, this analysis leads also to new simple approximations for the short-range exchange and
correlation energies improving the LDA.
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I. INTRODUCTION

In the Kohn-Sham (KS) approach [1] of density func-
tional theory (DFT) [2] of inhomogeneous electronic sys-
tems, the central quantity is the unknown exchange-
correlation energy functional Exc!n" which encompasses all
the many-body effects. The vast majority of approximations
for this functional are based on the original local density
approximation (LDA) [2], an approximation that turned out
to be more accurate and reliable than expected and rather
difficult to improve in a systematic way [3].
Actually, it has been realized for a long time, with the

wave-vector analysis of Exc!n" by Langreth and Perdew [4],
that the LDA describes accurately (but not exactly in general
[5]) short wavelength density fluctuations, but is inadequate
for long wavelength fluctuations. A dual analysis in real
space of the exchange-correlation energy (see, e.g., Ref. [6])
leads to the same conclusion that the LDA is accurate at
small interelectronic distances but fails at large distances.
This observation lead to the development of the first gradient
corrected functionals [7–12] with the basic objective to cure
the wrong long-range contribution to the exchange-
correlation energy of the LDA.
However, describing accurately the nonlocal correlation

effects arising from the long-range character of the Coulomb
interaction by (semi)local density functional approximations
still seems out of reach. This idea in mind, it is has been
proposed to use a density functional approximation only for
the short-range part of the electronic energy, and treating the
long-range part by more appropriate many-body methods
[13–17]. This approach was somehow inspired from early
calculations of the correlation energy of the uniform electron
gas based on a separate treatment of long-range and short-
range contributions (see, e.g., Refs. [18–20]).
For atoms and molecules, this approach leads to a rigor-

ous method for combining traditional ab initio wave function

calculations with DFT [21,22], and we recall now the for-
malism. The Coulomb electron-electron interaction is de-
composed as

1
r
= vee

! #r$ + v̄ee
! #r$ , #1$

where vee
! #r$ is a long-range interaction, v̄ee

! #r$ is the comple-
ment short-range interaction and ! is a parameter controlling
the separation. The universal functional [23] F!n"
=min"→n%"&T̂+ V̂ee&"', where T̂ is the kinetic energy opera-
tor and V̂ee=(i#j1/rij is the Coulomb interaction operator,
can then be decomposed as

F!n" = F!!n" + F̄!!n" , #2$

where F!!n" is the universal functional corresponding to the
long-range interaction V̂ee

! =(i#jvee
! #rij$

F!!n" = min
"→n

%"&T̂ + V̂ee
! &"' , #3$

and F̄!!n"=F!n"−F!!n" is by definition the complement
(short-range) part.
The exact ground-state energy of an electronic system in

the external local nuclei-electron potential vne#r$ can be writ-
ten using this short-range functional F̄!!n" via application of
the variational principle

E = min
n
)F!!n" + F̄!!n" +* n#r$vne#r$dr+

= min
"
)%"&T̂ + V̂ee

! &"' + F̄!!n"" +* n"#r$vne#r$dr+
= %"!&T̂ + V̂ee

! &"!' + F̄!!n"!" +* n"!#r$vne#r$dr . #4$

In this equation, "! is given by the Euler-Lagrange equation*Electronic address: savin@lct.jussieu.fr
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Fig. 1. Bulk SPC/E water at 300 K and 0.998 g/cm3. (A) Diagram of SPC/E
model of water. Point charges are assigned to each atomic site and a Lennard–
Jones potential is centered about the oxygen with core diameter σLJ indicated
by dashed lines. (B) Various site–site pair correlation functions in bulk SPC/E
water are each displaced vertically by 0.5 for clarity. Gaussian-truncated (GT)
water using v0(r) with σ = 0.40 nm agrees well with a full treatment of elec-
trostatics. (C) Deviations δgOO, defined as the difference between g(r) for GT
water and g(r) using full electrostatics. Simulation error bars are also shown.

Thus, v1(r) is slowly varying in r-space over the smoothing length
σ and is simultaneously localized to small wave vectors in reci-
procal space, as can be seen from its Fourier transform v̂1(k) =
4πk−2 exp[−(kσ )2/4].

Hence, v0(r) ≡ 1/r − v1(r) is the screened potential resulting
from a point charge surrounded by a neutralizing Gaussian charge
distribution whose width σ also sets the scale for the smooth trun-
cation of v0. For small r < σ , the force due to v0(r) approaches that
of the bare point charge. By increasing σ we increase the effective
range of essentially unscreened Coulomb interactions included
in v0(r).

LMF theory introduces a general mapping from the original
system with full Coulomb interactions and an applied electrosta-
tic potential V(r) arising from fixed charges or an applied electric
field to a well-chosen “mimic system” with Coulomb interactions
replaced by the short-ranged v0(r):

!
1/r
V(r)

"
LMF−−→

!
v0(r)
VR(r)

"
. [3]

Here, VR(r) is a restructured electrostatic potential in the mimic
system that accounts for the averaged effects of the neglected
long-ranged forces represented by v1(r), in essence by solving a
modified Poisson’s equation as explained in a later section.

In this article, we simulate the SPC/E model of water as shown
in Fig. 1A. All data are results from molecular dynamics sim-
ulations as described in Methods. The point charges in SPC/E
water play a dual role, generating both strong short-ranged forces
that lead to the local hydrogen-bond network and the longer-
ranged dipole–dipole interactions. Neither the point charges nor
the Lennard–Jones (LJ) potential describing the molecular cores
are perfect representations of actual water interactions, but adjust-
ing the constants makes the total potential quite reasonable for
temperatures and densities of interest.

Because the charges generating the local hydrogen-bonding
network in water are very strongly coupled, a reasonable first
approximation is simply to replace all point–charge interactions by
the truncated v0(r) without employing a VR. LMF theory suggests
that Coulomb interactions are best truncated on a site–site basis,
because it is the basic 1/r potential that we attenuate about each

site. Such a site–site scheme has been implemented in other spher-
ical truncations of 1/r interactions as well (10). When the v0(r)
truncations are made, we have Gaussian-truncated (GT) water.

Crucial to the success of the Gaussian-truncation scheme is the
choice of a σ that will be large enough to accurately describe the
nearest-neighbor hydrogen bonds. By using a σ of 0.4 nm or larger,
GT water can give a remarkably accurate description of all O and
H pair correlation functions in bulk water, as shown in Fig. 1B.
The difference between gOO from a full electrostatic treatment
(indicated by the labels “Full” in the figures) and gOO from GT
water is shown in Fig. 1C to emphasize the good agreement. We
expect that certain earlier truncation schemes (10) with very slowly
varying v1(r) could give comparably accurate results.

The local hydrogen-bond network is often viewed as the
most important qualitative feature of water (24), and GT water
captures that feature with a very good description of nearest-
neighbor hydrogen-bond energetics and local tetrahedral order,
while ignoring the longer-ranged electrostatic effects of the bound
charges. As argued elsewhere (Z. Hu, J.M.R., and J.D.W., unpub-
lished data), the accuracy of GT water in bulk arises from a strong
cancellation of the long-ranged electrostatic forces exerted by
surrounding molecules in the uniform bulk on any given mole-
cular site. These site-based spherical truncations can also yield
highly accurate angular correlation functions, a property that is
missed with molecule-based truncations that do not neglect only
slowly varying forces (8). LMF theory also suggests simple analytic
corrections to the energy and pressure such that the thermody-
namics of bulk GT water are accurate as well (J.M.R. and J.D.W.,
unpublished data).

LMF-Corrected GT Water in an Applied Field
Following previous work (25, 26), we confine SPC/E water between
smoothed hydrophobic LJ walls and apply a constant electric field
E0 normal to the walls, as sketched in Fig 2A. The confined water
should behave like a dielectric slab from introductory electrosta-
tics, resulting in a polarization field Epol opposing the applied

Fig. 2. Model hydrophobic wall confinement of SPC/E water with an applied
field. GT water with σ = 0.6 nm fails whereas treatment with full LMF theory
succeeds. (A) The simulation system and nearest images in the y direction
confined by the Lennard–Jones wall potential. (B) The oxygen density profile
relative to the bulk density. (C) The charge density profile. Density profiles are
only shown for z < −1.0 nm for greater clarity of the atomic level behavior,
though these densities are strictly asymmetric about the origin.

Rodgers and Weeks PNAS December 9 , 2008 vol. 105 no. 49 19137

isomorphic to LMF?

Toulouse, Colonna and Savin, PRA 70, 2004. Rodgers and Weeks, PNAS 105, 2008.

—> for the future.

But now, do we really want to treat the LR part first because it’s easy and leave “everything else” for later?  There turns out to be a strong connection between this way of 
thinking and the split-range electronic DFT and the LMF theory that I can’t get into here.



But, we have an LR answer!

64 Models

systems. Since much has been written about that subject, we direct the reader
to standard sources for more information on those achievements (Widom, 1967;
Lebowitz and Waisman, 1980; Chandler et al., 1983). Much of the authority of
the van der Waals treatment stems from the detailed checking of those approxi-
mations for atomic liquids. Additionally, van der Waals treatments do have the
great virtue of simplicity.

Finally, we return to consider the description of the reference case for which
the interactions between the solution and the distinguished solute conform to
!" = 0. If the perturbation interactions are weaker and longer-ranged than #Ũ",
on a physical basis, that typically leaves excluded-volume (or overlap) features of
intermolecular interactions to be contained in #Ũ". The simplest model for such
excluded-volume interactions is a hard-core model: configurations overlapping
the van der Waals volumes of solution molecules with the distinguished solute are
assigned infinitely unfavorable energies. Hard-core models and the packing prob-
lems defined in this way are significant challenges for molecular theories, despite
the drastic simplification. We will return to this problem in Section 4.3, p. 73, but
note here only that the free-volume feature of Eq. (4.1) is an approximate solution
of that packing problem for the present development. In the simplest examples,
particularly for atomic liquids, the identification of #Ũ" and approximation by
hard-sphere models is highly refined and successful.

Gaussian extension

Here we identify a natural extension of the van der Waals theory above; this also
serves to elaborate some notation that will be helpful subsequently. The van der
Waals model was based upon the estimate !̃"$%& ≈ '$%−##!"$$r&. With the
availability of the additional information

!!
'!2

"

""
r, we could form the gaussian

model

!̃"$!"& ≈ 1
#

2( ##'!2
"$$r

exp
$
−1

2
'!2

"

##'!2
"$$r

%
) (4.7)

where '!" = !" −##!"$$r. Better, however, is to acknowledge explicitly that
these averages will depend on the conformation of the solute; we therefore write
the conditional expectations #!"%"n$r and

!
'!2

"%"n
"
r. More generally, we con-

sider the partition function
!
e−*!" %"n

"
r conditional on the positioning of the

distinguished solute. Using this information, and a gaussian model distribution,
the extended theory is

+ex
" $"n& ≈ +̃ex

" $"n&+ #!"%"n$r −
*

2

!
'!2

"%"n
"
r , (4.8)PDT Book, Ch. 4

µex[ ↵] = min
⇢

⇢Z
⇢(r) ↵(r)dr � Tsex[⇢]

�
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new(ish)

⇡ µex

ref

+

Z
⇢(1)
ref

(r) LR

↵ (r)� �

2

ZZ
drdr0 LR

↵ (r)⇢(2)
ref

(r, r0)�1 LR

↵ (r0)
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Legendre transform pair.

Solvation energy variance.

Rogers, arXiv 1712.09427

In any case, it doesn’t really matter because even choosing path (A), the LR part is still a response of the solvent to a smooth, long-ranged potential.  It’s fairly well-known 
that the solvent response can be cast as an extremum principle.  In QCT, we turn out to be minimizing an excess chemical potential or maximizing an excess entropy.  
Take your pick.
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We can compute the LR answer.

❖ Short k behavior is fine!

Rogers, JCP 2018.

Why we need Fourier-space. Accum. in Fourier-space.

Rogers, arXiv 1712.09427

The problem with using DFT (finding the functional) has been overcome by several authors.  Our paper above comes with a nice code and works at short-k, as seen by 
this proof-of-concept to compute LJ S(k).  That’s important for an LR functional!



Modular Codes Please
s = Sfac(L, [128,128,128], 4) 
s.sfac(N, q, atoms) # compute structure factor 
Q += s.S() * s.S().conjugate() 

s.en() # also computes LR en, virial and force 
s.de1(vir) 
s.de2(N, q, atoms, dx)

L, vir 2 M3⇥3

q 2 RN

atoms, dx 2 RN⇥3
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https://github.com/frobnitzem/EwaldCorrel
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run = fun seed ->
run_lmp = text.subst(run_lmt, "%RND", str_of_int(seed))
out = engines.lammps.run(run_lmp)
read_rdf(out)

rdfs = vector.mapreduce(run, vector.sum, vector.random_int(1592,N))
rdf = { x = vector.arange(0.0, 0.02, 12.77)
            y = vector.div(rdfs, N) }
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It is a modular code, and you can find it here.
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NaCl solutions (arxiv)

erf(r/a)/r shape!

interesting small-k
differences

Rogers, arXiv 1712.09427

When I apply this to ions, I find an amazingly good fit of the density functional to erf(r/a)/r — the potential due to a screened charge.  That comes from the simulation, I 
didn’t force it to be an erf-shape.  It seems nature has a range-separation in mind.



7

A. Simulation Correlation Functions

We simulated sodium chloride solutions in SPC/E us-
ing the Kirkwood-Bu↵ forcefield model for ions[42] repli-
cating the simulation conditions in Ref. [34] but extend-
ing all simulations to at least 10 ns. Figures 1 and 3
show the water position and dipole indirect correlation
functions (F = [1, p

x

, p
y

, p
z

]) for pure SPC/E[43] and
TIP5P[44] water models under NVT conditions at 300
K. These were computed by inverse Fourier-transform of
the correlations in reciprocal space. Deviations of h(r)
below the exact value of �1 near the origin indicate the
amount of numerical error due to the band-limiting in-
herent in our method.

For all vector-scalar interactions plotted in real-space,
the geometry should be pictured as with the vector fixed
at the origin, pointing along the +z axis. Positive in-
teraction energies or low densities then describe unfavor-
able interactions of the dipole with molecules on the +z
hemisphere of radius r. Vector-vector interactions (e.g.
between dipoles p1 and p2) along a separation direction r̂
in real space are broken into parallel and isotropic com-
ponents scaling with pT1 r̂r̂

T p2 or pT1 p2, respectively.
Figure 3 plots the components of water’s the inverse

correlation function, Q�1(k). Panels b and d should be
compared with Figs. 7 and 15 of Ref. 23, after noting
that each point, Q�1(k), plotted here is the result of a
4⇥ 4 matrix inverse. The two symmetry components of
the dipole-dipole direct correlation function, � ⌘ Q�1

pp

,
in Fig. 3b and 3d are,

�(k) = �0(|k|)k̂k̂T + �1(|k|)(I3 � k̂k̂T ). (50)

Since the field produced by a dipole at the origin is pro-
portional to k̂k̂T , �0 represents the e↵ective energy gov-
erning the ‘longitudinal’ fluctuations of the second dipole
in the direction parallel to the field lines created by the
first water dipole, while �1 represents ‘free’ or ‘tran-
verse’ fluctuations in the perpendicular direction. With-
out screening, these would be �0✏0/� = 1 + ✏0/⇢w↵ and
�1✏0/� = ✏0/⇢w↵ in the lattice model. With screen-
ing, the 1 in �0 is replaced by the Fourier-transform of
the screening charge distribution while �1 is unchanged.
This is the usual justification for using �0(0) = �1(0) =
V/�M2

x

� (when J = 0) to compute ✏
r

(0) = �/�(0)✏0+1.
However, away from k = 0, only �1 varies continu-
ously. Fig. 3b and 3d clearly show that �0 starts at
1, but decreases exponentially as k increases. The fit-
ted line uses 1/⌘ = 1.8Å for SPC/E, which is equiv-
alent to R

B

= 1.6Å. Interestingly, the �1 component
starts near 1/79, but increases to a larger constant value
around 0.0540 (SPC/E) or 0.0556 (TIP5P). Using this in
Eq. 36 gives only 19.5 or 19.0 for the dielectric, respec-
tively. This behavior also appears in the MSA solution,
and is more pronounced for dipolar-only solvents.[23]

Figures 2-8 show the ion-ion, ion-water, and water-
water radial distribution functions and their transforma-
tions as a function of salt concentration. The direct inter-
action functions in real-space (Figs. 4, 5, 7, and 8) follow
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FIG. 4. Direct correlation functions for cation-water, anion-
water, and water-water center to center interactions. Rough-
ness of the water-water interaction is not physically meaning-
ful, since it is within the water’s excluded volume.
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FIG. 5. Ion-dipole direct correlation functions for 1M and
4M salt concentrations, scaled by the Coulomb constant, ⇠ =
1/4⇡✏0. The long-range Coulomb expression given by the
dashed-dotted line at the bottom was subtracted from each
of the lines using ⌘+p = 1/1.9Å and ⌘�p = 1/2.3Å. The only
major feature that remains is a peak around the distance of
the first maximum in g(r) (Fig. 2).

screened Coulomb electrostatic laws so closely that we
have subtracted out the screened forms and plotted the
di↵erences instead. Subtracted parts are shown so that
the two curves can be visually added to get the total
Q�1. Ion-water (Figs. 4 and 5) and ion-ion interactions
(Fig. 7) show negligible concentration dependence.
Figure 6 shows the ion-ion interactions in reciprocal

space to have the expected, ideal, 1/⇢ contribution and
the k�2 divergence near the origin.[45] The k ! 0 limit
in Fig. 6a and 6b can be used to find the Kirkwood-
Bu↵ coe�cients for single-ions.[34, 46? ] A log-log
plot (Fig. 6c,d) shows the k�2 divergence transitions
to an exponential-like screening around k = 1Å�1 be-
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FIG. 6. Electrolyte direct correlation functions in reciprocal
space for varying salt concentration. Panels a and b show the
average interaction of anions and cations with all other ions:
(Q�1

++ + Q�1
+�)/2 � 1/2�⇢ and (Q�1

�� + Q�1
+�)/2 � 1/(2�4M),

respectively. Panels c and d show Q�1
++ and Q�1

�� (resp.)
on a log-log scale near the origin. The light gray line is

e�k2/4⌘2
/✏0k

2 + 1/2�⇢ (cf. Eq. ??) and fits to 1/⌘++ = 2.2Å
and 1/⌘�� = 2.65Å.

fore flattening out due to the ideal (1/⇢) contribution.
These profiles were used to identify appropriate screen-
ing lengths for each ion, resulting in 1/⌘++ = 2.2Å and
1/⌘�� = 2.65Å. Note that Born radii are expected to
be temperature and pressure-dependent. However, our
results indicate that they are not sensitive to salt con-
centration in the 0-4M range.

The ion center of mass direct correlation functions in
Fig. 7 are surprisingly featureless apart from the 1/r in-
teraction. An unexplainable, small linear trend shows up
in Fig. 7b at long range with a positive slope for like-
charged ion interaction and a negative slope for cation-
anion interactions. At short-range, the like-charged in-
teraction shows numerical noise before a steep, repulsive
increase. This does not appear in the cation-anion inter-
action. This short-range behavior is not directly linked
to interaction energies. In the mean-spherical approx-
imation, it is treated as a fitting parameter to achieve
excluded volume in g(r).

Fig. 8 returns our focus to the number and dipole den-
sity response behavior of water. The dipole-dipole inter-
action energies for co-linear aligned and in-plane paral-
lel orientations (Fig. 8c,d, respectively) both follow the
expected trends. Within this dipolar response function
description, local e↵ects only appear within the first 6Å.
Interesting salt-concentration e↵ects show up in the the
shape of the water solvation shell around a water fixed at
the origin (Fig. 8b). This may be linked to electrostric-
tion and specific-ion e↵ects.[47]
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⌘ = 1/2.7Å), while panel b compares direct correlation func-
tions between like and unlike ions. In every case, the curves
are drawn after subtracting the screened Coulomb expression
appropriate for each pair (dashed-dotted lines). The screen-
ing distances used for like ions were the same as in Fig. 6.

−10

 0

 10

 20 a)  w/w b)  w/p

c)  rr
T

d)  I − rr
T

r / Ang

φ(
r)

 /
 k

J/
m

o
l/

(m
o
l/

L
)(

e 0
 A

n
g
)n

−10

 0

 10

 20a)  w/w b)  w/p

c)  rr
T

d)  I − rr
T

r / Ang

φ(
r)

 /
 k

J/
m

o
l/

(m
o
l/

L
)(

e 0
 A

n
g
)n

0.0

0.5

2.0

4.0

−60

−30

0

30

2 3 4 5 6 7 8 9 10

a)  w/w b)  w/p

c)  rr
T

d)  I − rr
T

r / Ang

φ(
r)

 /
 k

J/
m

o
l/

(m
o
l/

L
)(

e 0
 A

n
g
)n

−3ξ/r
3

2 3 4 5 6 7 8 9 10

−30

 0

 30

 60

a)  w/w b)  w/p

c)  rr
T

d)  I − rr
T

r / Ang

φ(
r)

 /
 k

J/
m

o
l/

(m
o
l/

L
)(

e 0
 A

n
g
)n

ξ/r
3

FIG. 8. Water-water direct correlation functions. Panel a
shows center to center interactions, b shows center to dipole
interactions (positive if the water dipole faces the separation
distance), and panels c and d show co-linear and perpendicu-
lar components of the dipole-dipole interaction. The last two
curves are drawn after subtracting the appropriate long-range
Coulomb expression (indicated by the labeled dash-dotted
line).

IX. DISCUSSION

The assumption in Eq. ?? used to derive Born and
modified DH laws is essentially the random phase ap-
proximation (RPA) of fluid density functional theory. A
similar derivation has recently been presented (starting
from the RPA) by Frydel and Ma.[48] They do not in-
clude screening and thus arrive at the linearized Poisson-
Boltzmann equation. Earlier work showed the utility of
this approximation for describing charge reversal near a
charged surface.[49] In later work, they caution that the
RPA, being equivalent to a variational Gaussian approxi-

Rogers, arXiv 1712.09427

You can also look at the water-ion and ion-ion center to center density functionals.
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Water again:
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The water-water ones have been shown by other authors, but here I show they have minimal dependence on salt concentration up to 4M!



Analytical LR Results

❖ A range-separated theory for 
long-range interactions that’s 
mostly correct.

❖ Packing terms are missing, and 
can be done first (as in PDT) or 
second (similar to a y(r)-based 
theory).

5

Making this substitution reduces Eq. 12 to one containing
only the densities,

lnZ[�] = sup
F2X 0⇤

⇥
h�0,�F i � 1

2 h�F ,A0 ��F i
⇤

(32)
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↵

�0 = x�BC�1y, A0 = A�BC�1B†. (33)

Substituting for A, B, etc. gives
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↵ i
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e�k
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⌘ 1� 1
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r

(36)

A. Born Limit

In the limit of zero ionic strength, only the constant
contributes to Eq. 35

�2�2
LR,Born = z2

↵

⌦
k, f2(k)��1 � k

↵

=
z2
↵

V

X

k

f(k)� f̄(k), (37)

which introduces a definition for the scaled interaction
energy,

f̄(k) ⌘ f/(1 + e�k

2
/4⌘2

↵⇢
w

/✏0) ⌘ f/✏
r

(k). (38)

The last equality also defines the “dielectric function,” ✏
r

,
of the lattice model. It reduces to Eq. 36 when ⌘ ! 1.
The k�2 divergence at k = 0 integrates to a contribution
that scales as 1/V .
Because the solvent density response is purely along

the longitudinal (k̂) direction, it can be written in two
forms,

� 
p

= iz
↵

f��1k =
iz

↵

k

k2
(1� 1/✏

r

) . (39)

It is extremely important to notice the di↵erence between
1/✏

r

(k), defined for mathematical convenience in Eq. 36,
and the total dipole-dipole correlation function, �, which
gives the both transverse and longitudinal contributions
to the orientation response. Both these correlations are
long-ranged, while their inverses appear short-ranged.
However, ✏

r

is only short-ranged in real-space when there
are no other interactions besides electrostatic ones (hence
the k�1 prefactor), while ��1(r) is not short-ranged until
the electrostatic 1/r3 term is subtracted.

B. Debye-Hückel Limit

Carrying out the second maximization leads a charge-
only system with Q�1

qq

scaled by the e↵ective dielectric
(Eq. 36).
Inverting yields the ionic charge density induced by an

external potential from a screened ion at the origin,

�F (k) = �diag(⇢)f
f
�

"
r

+ f†diag(⇢)f
. (40)

Ref. 37 reported an analogue of Eq. 40 for a 1:1 elec-
trolyte by applying the random phase approximation to
a fluid of screened, soft-core ions. They also obtain a
closed form for its Fourier transform (h(r)) and show
that it predicts a cross-over from exponential to damped
oscillatory behavior at high ionic strength.
Collecting all the terms in Eq. 13 created by our pro-

cedure, the fluctuations in the solvation potential of an
ion with charge z

↵

is given by the sum,

�2
LR = �2

LR,Born + �2
LR,DH (41)

�2�2
LR,DH =
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↵
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X

k 6=0

2⇢f̄2(k)

1 + 2⇢f̄
. (42)

Using the relations for the inner product developed in
Appendix ??, the summation in Eq. 42 goes over to the
inverse Fourier transform as the cell volume increases,

�2�2
LR,DH ! �z2

↵

(2⇡)3✏
r

✏0

Z 1

0+

4⇡2e�k

2
/2⌘2

k2 + 2e�k

2
/4⌘2 dk

=
�z2

↵



4⇡2✏
r

✏0

Z 1

�1

e�k

2
u

2

k2ek2
u

2 + 1
dk. (43)

Here 2 ⌘ 2�⇢/✏
r

✏0 and u2 ⌘ 2/4⌘2 = 2R2
B/⇡. When

u goes to zero (zero ion radius), the integral becomes ⇡,
and we recover the classical Debye-Hückel result for the
solvation free energy using Eq. 43 with Eq. 44.
For finite ⌘, ✏

r

is k-dependent, and the integral is
strictly smaller than ⇡. It decreases with increasing R
– making ionic solvation less favorable. We calculated
the integral numerically and verified that it compares
well with the mean spherical approximation result for
the electrostatic free energy component with ion radius
R

B

.[38]

V. PDT

Earlier work showed the utility of a Gaussian pertur-
bation theory for the long-range part of the solvation free
energy after forming a su�ciently large cavity.[13, 21, 39,
40]

µex,LR
↵

= ��ÛLR
↵

�
0
� ��2

LR/2 +O(�2). (44)

Before forming a cavity, the first term in the expansion
is zero by symmetry. We recover this result by insert-
ing Eq. 13 into Eq. ??, adding �(0)T (0) at k = 0 to
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In the limit of zero ionic strength, only the constant
contributes to Eq. 35
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The last equality also defines the “dielectric function,” ✏
r

,
of the lattice model. It reduces to Eq. 36 when ⌘ ! 1.
The k�2 divergence at k = 0 integrates to a contribution
that scales as 1/V .

Because the solvent density response is purely along
the longitudinal (k̂) direction, it can be written in two
forms,
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It is extremely important to notice the di↵erence between
1/✏
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(k), defined for mathematical convenience in Eq. 36,
and the total dipole-dipole correlation function, �, which
gives the both transverse and longitudinal contributions
to the orientation response. Both these correlations are
long-ranged, while their inverses appear short-ranged.
However, ✏

r

is only short-ranged in real-space when there
are no other interactions besides electrostatic ones (hence
the k�1 prefactor), while ��1(r) is not short-ranged until
the electrostatic 1/r3 term is subtracted.

B. Debye-Hückel Limit

Carrying out the second maximization leads a charge-
only system with Q�1
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scaled by the e↵ective dielectric
(Eq. 36).
Inverting yields the ionic charge density induced by an

external potential from a screened ion at the origin,

�F (k) = �diag(⇢)f
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Ref. 37 reported an analogue of Eq. 40 for a 1:1 elec-
trolyte by applying the random phase approximation to
a fluid of screened, soft-core ions. They also obtain a
closed form for its Fourier transform (h(r)) and show
that it predicts a cross-over from exponential to damped
oscillatory behavior at high ionic strength.
Collecting all the terms in Eq. 13 created by our pro-

cedure, the fluctuations in the solvation potential of an
ion with charge z
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is given by the sum,
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Using the relations for the inner product developed in
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✏0 and u2 ⌘ 2/4⌘2 = 2R2
B/⇡. When

u goes to zero (zero ion radius), the integral becomes ⇡,
and we recover the classical Debye-Hückel result for the
solvation free energy using Eq. 43 with Eq. 44.
For finite ⌘, ✏

r

is k-dependent, and the integral is
strictly smaller than ⇡. It decreases with increasing R
– making ionic solvation less favorable. We calculated
the integral numerically and verified that it compares
well with the mean spherical approximation result for
the electrostatic free energy component with ion radius
R

B

.[38]

V. PDT

Earlier work showed the utility of a Gaussian pertur-
bation theory for the long-range part of the solvation free
energy after forming a su�ciently large cavity.[13, 21, 39,
40]
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Making this substitution reduces Eq. 12 to one containing
only the densities,
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In the limit of zero ionic strength, only the constant
contributes to Eq. 35
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The last equality also defines the “dielectric function,” ✏
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,
of the lattice model. It reduces to Eq. 36 when ⌘ ! 1.
The k�2 divergence at k = 0 integrates to a contribution
that scales as 1/V .

Because the solvent density response is purely along
the longitudinal (k̂) direction, it can be written in two
forms,
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It is extremely important to notice the di↵erence between
1/✏
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(k), defined for mathematical convenience in Eq. 36,
and the total dipole-dipole correlation function, �, which
gives the both transverse and longitudinal contributions
to the orientation response. Both these correlations are
long-ranged, while their inverses appear short-ranged.
However, ✏

r

is only short-ranged in real-space when there
are no other interactions besides electrostatic ones (hence
the k�1 prefactor), while ��1(r) is not short-ranged until
the electrostatic 1/r3 term is subtracted.

B. Debye-Hückel Limit

Carrying out the second maximization leads a charge-
only system with Q�1
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scaled by the e↵ective dielectric
(Eq. 36).
Inverting yields the ionic charge density induced by an

external potential from a screened ion at the origin,
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Ref. 37 reported an analogue of Eq. 40 for a 1:1 elec-
trolyte by applying the random phase approximation to
a fluid of screened, soft-core ions. They also obtain a
closed form for its Fourier transform (h(r)) and show
that it predicts a cross-over from exponential to damped
oscillatory behavior at high ionic strength.
Collecting all the terms in Eq. 13 created by our pro-

cedure, the fluctuations in the solvation potential of an
ion with charge z
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is given by the sum,
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Using the relations for the inner product developed in
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Here 2 ⌘ 2�⇢/✏
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✏0 and u2 ⌘ 2/4⌘2 = 2R2
B/⇡. When

u goes to zero (zero ion radius), the integral becomes ⇡,
and we recover the classical Debye-Hückel result for the
solvation free energy using Eq. 43 with Eq. 44.
For finite ⌘, ✏

r

is k-dependent, and the integral is
strictly smaller than ⇡. It decreases with increasing R
– making ionic solvation less favorable. We calculated
the integral numerically and verified that it compares
well with the mean spherical approximation result for
the electrostatic free energy component with ion radius
R

B

.[38]

V. PDT

Earlier work showed the utility of a Gaussian pertur-
bation theory for the long-range part of the solvation free
energy after forming a su�ciently large cavity.[13, 21, 39,
40]
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LR/2 +O(�2). (44)

Before forming a cavity, the first term in the expansion
is zero by symmetry. We recover this result by insert-
ing Eq. 13 into Eq. ??, adding �(0)T (0) at k = 0 to
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Trying out this range-separated theory, we find the LR energies are exactly what you’d expect - Born plus Debye-Huckel.  I didn’t plot them, but these functions actually 
provide a minimum in the activity curve.



Casimir Connection

Rogers, arXiv 1807.05963.
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self-energy
polarization energy

❖ What is the polarization 
contribution to 𝜇ex for a 
polarizable dipole?

Even better, you can eliminate numerical errors by collecting correlations on a finite set of basis functions for any molecule and forgetting there ever was such a thing as 
an “OZ closure.”  Using density and dipole-dipole correlations on a 4x4 matrix basis, you get a density functional with a radial part and a dipole response part.



Casimir Connection

Rogers, arXiv 1807.05963.
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Hamaker integral

Correlation correction

The free energy for solvating a dipole is this integral here.  Expanding in the polarizability (sigma^2) gives a Hamaker integral between the newly inserted dipole and the 
solvent at first order.  Second order is a correlation correction for solute-solvent-solvent double polarization.



Conclusions
❖ Range splitting is a recurring theme

❖ (different approximations apply)

❖ Avoiding origin singularities makes things better.

❖ SR is best done in YBG-type (g(r)) theories, while LR is 
best done in OZ-type (c(r)) theories.

❖ Another is how do we make progress without losing the 
connection to molecular distributions like P(n).

❖ There are now several DFT routes for this.



Conclusions

❖ Can we finally supplant Pitzer?

❖ Model Nw(Nion,P,V,T)

❖ Need more analytic functional forms for c(k) (MD 
data / ancient literature).

❖ More to come: mesoscale applications

❖ These will clarify SR vs LR at interfaces.

recent Debenedetti JCP motivating this.


