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Comyuter "Exyeriments" on Classical Fluids. I. Thermodynamical
Properties of Lennard, -Jones Molecules~

Loup VzzLzrt
Bdfer Gradlaie School of Sciercce, Feehioa UNioersicy, Pm Fork, Peto Fork

(Received 30 January 1967)

The equation of motion of a system of 864 particles interacting through a Lennard-Jones potential has
been integrated for various values of the temperature and density, relative, generally, to a Quid state. The
equilibrium properties have been calculated and are shoran to agree very vreH vrith the corresponding
properties of argon. It is concluded that, to a good approximation, the equilibrium state of argon can be
described thlough a t&o-twdy potential.

I. INTRODUCTION
~ 'HK "exact" machine computations relative to

clRsslcRl Aulds hRvc ScvcI'Rl RlIDs: It 18 posslblc
to realize "experiments" in which the intermolecular
forces are known; approximative theories can thus be
UnRmblguously tested Rnd soIQc guidelines RI'c provldcd
to build such thcoI'lcs whenever they do not cxlst. Thc
comparison of the results of such computations with
real experiments is the best way to obtain insight into
the interaction between molecules in the high-density
states.
The Monte Carlo method. inifiated by the I.os Alamos

group' is a 6rst example of these "exact" methods. It
amounts to a d,irect computation of the integrals in-
volved ln thc CRnonlcRl RvcI'ages. It Is cRsy to CRrry out&
with thc lncoIlvcIllencc) howcvcl ) of pl"ovldlng no
information on the time properties of the system.
Thc dynamics of Rn lsolRtcd systcIQ CRn Rlso bc

considered and used to calculate time averages and
time-dependent properties. The case of hard. spheres
Rnd hRrd spheres surroUndcd by R Square wcH hRS bccn
extensively studied by AMer et al.' In the case of a two-
body interaction simulating more closely the interaction
between the molccules, it is possible to integrate directly
thc cqURtlon of thc motions of RboUt R thoUsRnd
particles, as brilliantly demonstrated by Rahman. ' The
present paper presents some of the results which have
been obtained, using a technique inspired by Rahman's
work, for R system of 864 particles interacting through
a Lennard- Jones potentiaL
In Sec. II we give some tcchnical details on the

method which we use; in particular, we describe a book-
keeping device that cuts the computing time by a factor
of the order of 10.
In Sec. III we give and, discuss the results obtained

for the pressure, the internal energy, the high-frequency
elastic moduli, and the isotopic separation factor. These

~ Supported by the U. S.Air Force 0$ce of Scienti6c Research
Grant No. 508-66.
)Permanent address: Faculte des Sciences, Laboratoire de

Physique Theorique et Hautes Energies, Batiment 211, 91-0rsay.' %.%.Wood and F.R. Park. er, J.Chem. Phys. 27, 720 (1957),
~ S. $. Alder and X'. E. Wainwright, J. Chem. Phys. 33, 1439
(1960).
3 A. Rahman, Phys. Rev. 136, A405 (1964).

results, summarized in Table I,are suf6cicntly numerous
to allow a comparison on the whole density range of
thc Auld state Rnd on R wide tcIDpcrature IRngc which
essentially exclud. es the extremely high temperatures.
The ovcr-all agreement is surprisingly good. It appears
that the many-body forces, if they RIc at all important,
behave so Rs to rcRllzc RD elective lntcI'Rcflon which ls
state independent to a good approximation.
The correlation functions are described and, discussed

ln R scpR1 atc pRpcl. Thc formalism ncccssRI'y to cxpI'css
the Quctuations in the microcanonical ensemble was
discussed recently. s It can be applied to calculate the
derkvatnres of the thermodynamtc functions (e.g., the
specific heat and c)P/c)p) in terms of fluctuations
averaged, over time. The results are not very precise
and will only be presented as an illustration of these
theoretical conslderatlons.
The results on the time-dependent properties wiH be

reported later.

%e consider a system of 864 particles, enclosed. in a
cUbc of side L, with periodic boUDdaIy condltlons
interacting through a two-body potential of the
Lennard- Jones type

This potcntlRl ls cut Rt f'1,=2.50' ln Dlost of oui cxpcll-
ments, or, in some of them at r, =3.30. The problem is
to intcgrRtc thc cqURtlon of lnotion

d2r'
rN =Q f(r;;).

jets

Kc choose the following units: The lengths are ex-
pressed. in units of o (a =3.405 A for argon), and the
energies in units of e (a=119.8'K for argon). The
thermodynamic quantities will thus be measured in the

4 L, Verlet (to be published).' J.L. Lebowitz and J.K. Percus, Phys. Rev. 124, 1673 (1961).
6 $. L. Lebovatz, $. K. Percus, and L. Verlet, Phys. Rev. 153,

250 (1967).' A. Michels and H. Vhjker, Physica 1S, 627 (1949).
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Molecular Dynamics Study of Liquid Water* 
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A sample of water, consisting of 216 rigid molecules at mass density 1 gm/cm3, has heen simulated hy 
computer using the molecular dynamics technique. The system evolves in time by the laws of classical 
dynamics, subject to an effective pair potential that incorporates the principal structural effects of many-
body interactions in real water. Both static structural properties and the kinetic behavior have 
been examined in considerable detail for a dynamics "run" at nominal temperature 34.3°C. In those few 
cases where direct comparisons with experiment can be made, agreement is moderately good; a simple energy 
rescaling of the potential (using the factor 1.06) however improves the closeness of agreement considerably. 
A sequence of stereoscopic pictures of the system's intermediate configurations reinforces conclusions 
inferred from the various "run" averages: (a) The liquid structure consists of a highly strained random 
hydrogen-bond network which bears little structural resemblance to known aqueous crystals; (h) 
the diffusion process proceeds continuously by cooperative interaction of neighbors, rather than through 
a sequence of discrete hops between positions of temporary residence. A preliminary assessment 
of temperature variations confirms the ability of this dynamical model to represent liquid water 
realistically. 

I. INTRODUCTION havior, so in principle it is the more powerful tool. 
We have therefore chosen to utilize this more powerful 

Although water occupies a preeminent position approach. This paper provides details of computa-
among liquids, this substance has not enjoyed the tional strategy, and initial results, in our molecular 
attention of a rapidly developing body of statistical dynamics investigation of liquid water. 
mechanical theory devoted specifically to its own The following Sec. II specifies the Hamiltonian 
properties.1 One obvious reason for this retardation used for our dynamical water model. The individual 
is the internal structure of the water molecule, which molecules are treated as rigid asymmetric rotors, 
at the very least requires considering orientational i.e., their internal bond lengths and bond angles are 
degrees of freedom. In addition, the potentials of invariant. 
interaction for water molecules have until very re- Classical mechanics describes the temporal evolu-
cently2-5 been imperfectly known. Furthermore, it now tion of our model system. The coupled differential 
appears that these interactions are nonadditive to a equations for translational and rotational motion are 
significant degree.6- 9 Finally, the maximum cohesive considered in Sec. III for the model water system. 
binding between pairs of molecules, in units of kBT Special choices are introduced there for system size 
at the triple point, is roughly an order of magnitude (216 molecules), boundary conditions (periodic unit 
greater than the same quantity for the theoretically cell corresponding to liquid at 1 gm/cm3), and time 
popular liquified noble gases. increment for numerical integration of the coupled 

This combination of complications renders imprac- dynamical equations (Llt=4.3SSX 10-16 sec). Discussed 
tical a large part of conventional liquid state theory as well in Sec. III is a force truncation scheme. 
for studying water. One must forego reliance on the Section IV presents a body of results thus far ac-
integral equation approaches to static pair correlation cumulated which specifically bears on the static mo-
functions on the one hand, while it is clear on the lecular structure for our water model. Separate radial 
other hand that the fundamental theory of kinetic correlation functions are reported for the three dis-
processes becomes even more complex than usual. tinct types of nuclear pairs present (0-0, O-H, and 

Under these circumstances, the most promising ap- H-H) , and these are used to synthesize the hypo-
proach at present seems to be the direct simulation thetical x-ray scattering pattern for the model liquid. 
of liquid water by electronic computer. Both the Several aspects of the elaborate local orientational 
"Monte Carlo" method10 and the technique of "mo- order are presented in Sec. IV by examining dipole 
lecular dynamics"ll are available for this purpose. The direction correlation in successive concentric shells 
former offers the possibility of generating canonical about a given molecule and by analyzing the oxygen-
ensembles of given temperature, but it is entirely oxygen pairs in separate icosahedral sectors about a 
restricted to a study of static structural properties. fixed molecule. The character of hydrogen bonding in 
Molecular dynamics (which is nominally micro canon- the liquid has also been examined using the distribu-
ical) however can probe both static and kinetic be- tion function for pair interaction energy. 
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FIG. 5. Cross correlation function gOH(2)(r) for water; 34.3°C 
and 1 g/cm3• The vertical line indicates the intramolecular O-H 
covalent bond length. 

tance second peak comprises all remammg oxygen-
proton distances across the bonded pair of molecules. 
The interpretation 9f gHH(2) is less direct, owing to 
the multiplicity of possible proton pairs in hydrogen-
bond networks, but it seems safe to assign the first 
peak to a proton along a hydrogen bond and a proton in 
the acceptor molecule. The very distinct shoulder in 
gHH(2) in the region r / is especially interesting, 
since these very close proton pairs may in part arise 
from the situation in which three proton donors 
crowd together at the negative rear of an acceptor 
molecule. 

Even in the absence of further information, the 
three water correlation functions lead to a picture of 
liquid water as a random, defective, and highly 
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FIG. 6. Proton pair correlation function gHH(2)(r) for water; 
34.3°C and 1 g/cm3• The vertical line indicates the intramolecular 
H-H pair distance. 

strained network of hydrogen bonds that fills space 
rather uniformly. The fact that each of the three 
correlation functions approaches its asymptotic value 
unity rather quickly as r increases indicates that large, 
low density clusters or "icebergs" are not present to 
a significant degree, though they have occasionally 
been advocated to explain the properties of water.26 .27 
Recent small angle x-ray scattering measurements on 
liquid water appear to be consistent with this ob-
servation.28 

Unfortunately, experiments have not been carried 
out to provide measurements of the separate func-
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FIG. 7. Theoretical (solid line), and experimental (dotted 
line), x-ray scattering intensities for liquid water. The latter are 
taken from Narten, Ref. 29, and refer to 25°C. 

tions goo (2), gOH(2) , and gHH(2) for direct comparison 
with the molecular dynamics results. In principle this 
could be done by combining x-ray scattering results 
with neutron scattering intensities for isotopically sub-
stituted waters. At present, though, only x-ray scat-
tering has been carried out, which provides a weighted 
average of the three pair correlation functions. 29 We 
have therefore utilized our separate correlation func-
tions, along with tabulated atomic scattering factors,29 
to synthesize the x-ray scattering intensity I(s) 
[s= (411/;\) sinO, the magnitude of the scattering 
vector]' 

Figure 7 presents computed values of sICs), along 
with Narten, Danford, and Levy's measurements of 
the same quantity at their nearest temperature, 25°C.29 
Agreement obtains only in modest degree, with the 
principal discrepancy occurring at the first peak 

to 3.01-1). At present it is not clear that 
the disagreement arises entirely from shortcomings in 
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The cutoff parameter VHB is arbitrary, at least within 
certain limits; the fullest understanding of the nature 
of hydrogen-bond networks in water would result by 
varying this parameter and observing the conse-
quences. 

In order to identify the range of values for VHB 
of greatest chemical relevance and interest, it is 
valuable to examine the entire distribution of effective 
pair interactions in the liquid. This interaction den-
sity, p, may be expressed in terms of the following 
integral: 

p( V) = (p/87r2) f dXjo[V - Veff(2) (Xi, Xj) ] g(2) (Xi, Xj). 

(4.21 ) 
With this normalization, 

n(V, V') = iV' p(V")dV" ( 4.22) 

will be the mean number of neighbors of any molecule 
whose instantaneous interaction with that molecule 
lies between V and V'. Naturally p (V) will vanish 
if V declines below the absolute minimum of Veff (2) 

noted in Eq. (2.11). One easily establishes further-
more that p(V) will diverge as V-2 near V=O, owing 
to the preponderance of weak dipolar pair interactions 
at large distances. 

The distribution p( V) has been calculated for the 
dynamics run and the result is displayed 

III Fig. 18. The expected divergence at the origin is 
obvious in the Figure, but it is uninteresting since it 
conveys no specific structural information. The pri-
mary point of interest in the curve is the large, essen-
tially flat region in the range of V from -4.5 kcal/mole 
to - 2.0 kcal/mole. Evidently, this reveals a wide 
class of moderately strong "bonds," which often suffer 
considerable strain. The apparent relative maximum 
in p (V) at about + 2.5 kcal/mole we believe is a real 
effect, not a misleading statistical fluctuation. Prob-
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FIG. Distribution function for effective pair interaction 
water. curves show relative numbers of molecules 

In succesSIve energy mtervals of width Ll. V = 4<= 0.288 kcal/mole. 

o nHB 
DISTRIBUTIONS 

FIG. 19. Distribution of molecules according to the number 
of hydrogen bonds in they engage. The set of cutoff enerQes 
V HB used as alternatIve hydrogen-bond definitions is o.hown in 
Eq. (4.24). 

ably it arises from pairs of molecules which are simul-
taneously bound to a third, but in such a relative 
configuration that they repel one another.35 

On of the negative-V plateau in p( V), it 
seems plausible to select V Hll near the middle or 
upper limit of this range, for example, 

VHB = -2.9 kcal/mole. ( 4.23) 

This choice would certainly be consistent with the 
chemical suggestion that a large number of hydrogen 
bonds are still present in the liquid after ice is melted 
without at the same time being so permissive as 
include pairs of molecules much more widely separated 
than nearest neighbors in the ice lattice. 

Using several alternative choices for VHB , including 
the range indicated by (4.23), the concentrations of 
molecules engaging in different numbers of hydrogen 
bonds simultaneously has been calculated. This set of 
coordination number distributions is displayed in Fig. 
19. The alternative values selected for VHII are equally 
spaced, and have the values 

Vj = 
= -0.577 (j-1) kcal/mole, 

j= 1,2, "',10. ( 4.24) 

It is clear from Fig. 19 that these choices span a wide 
range of hydrogen bond definitions, from an extremely 
permissive limit which assigns many more than four 
bonded neighbors to all molecules, to a very strigent 
limit which makes hydrogen bonding between neigh-
bors a rare event. 

The most significant conclusion to be drawn from 
Fig. 19 is that as VHB is varied, the coordination 
number distribution shifts, but it always maintains 
a single-maximum character. This fact alone seems 
to rule out the class of two-state liquid water models26 ,27 
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It’s van der Waals interactions!

How does Gecko manage to walk on vertical smooth walls?
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